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Abstract: Time-inhomogeneous finite-horizon Markov decision processes (MDP) are fre-
quently employed to model decision-making in dynamic treatment regimes and other statis-
tical reinforcement learning (RL) scenarios. These fields, especially healthcare and business,
often face challenges such as high-dimensional state spaces and time-inhomogeneity of the
MDP process, compounded by insufficient sample availability which complicates informed
decision-making. To overcome these challenges, we investigate knowledge transfer within
time-inhomogeneous finite-horizon MDP by leveraging data from both a target RL task and
several related source tasks. We have developed transfer learning (TL) algorithms that are
adaptable for both batch and online 𝑄-learning, integrating valuable insights from offline
source studies. The proposed transfer 𝑄-learning algorithm contains a novel re-targeting
step that enables cross-stage transfer along multiple stages in an RL task, besides the usual
cross-task transfer for supervised learning. We establish the first theoretical justifications
of TL in RL tasks by showing a faster rate of convergence of the 𝑄∗-function estimation in
the offline RL transfer, and a lower regret bound in the offline-to-online RL transfer under
stage-wise reward similarity and mild design similarity across tasks. Empirical evidence
from both synthetic and real datasets is presented to evaluate the proposed algorithm and
support our theoretical results.

Keywords and phrases: Dynamic treatment regimes, transfer learning, time-inhomoge-
neous finite-horizon Markov decision process, backward inductive𝑄-learning, high-dimen-
sional estimation.

Received June 2024.

1. Introduction

Transfer learning aims at accelerating the learning process of a target task by leveraging
knowledge acquired from different but similar source tasks. Recently, it has garnered sub-
stantial attention in statistical machine learning, due to its empirical successes in domains
such as natural language processing, computer vision, game playing, and climate modeling.
On the theoretical front, transfer learning has been investigated within a decision-theoretic
framework across a spectrum of supervised learning problems, including classification [2],
high-dimensional linear regression [23, 13], and generalized linear models [25], and there are
also applications to problems in unsupervised learning scenarios [24].
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Our focus is on transfer learning (TL) in the domain of time-inhomogeneous finite-horizon
reinforcement learning. Reinforcement learning (RL) is a sequential decision-making frame-
work that has natural applications in data-driven decision-making settings like robotics, busi-
ness, healthcare, and education [22, 30, 31, 18]. One of the main challenges in RL is that
the state space is often of high dimensionality, given that the goal is often that of pro-
viding for personalized services or treatments, and given the overall complexity of these
domains [11, 26, 10, 9]. Thus there is a significant data scarcity problem in RL. Transfer
learning is a promising framework for addressing data scarcity in RL, with the potential of
expediting learning in a target RL task by leveraging related sources tasks from observational,
simulated, or offline datasets. This motivates our interest in integrating of TL perspectives
into the realm of RL.

As a first cautionary note, we will demonstrate that a straightforward application of TL
algorithms designed for supervised learning (SL) does not yield minimax optimal performance
within the RL context. The underlying problem has to do with the distinctive nature of multi-
stage optimization and delayed responses in RL, and the cautionary note is equally pertinent
in the offline RL setting as it is to the online RL setting. To address this challenge, we
carefully design a novel framework based on backward inductive 𝑄-learning [28, 9] and
leverages pseudo-responses with re-targeting. It exploits a similarity structure for the reward
function, incorporating offline transfer and online 𝑄-learning with source offline data while
effectively handling high-dimensional features. We provide a thorough theoretical analysis of
this framework for TL in RL, specifically addressing the high dimensionality, and highlighting
the distinctive nature of the RL setting compared to TL in SL.

We describe the contribution of our work in three aspects: new model formulation (for
transferable MDPs), novel solution methodology (the re-targeting pseudo response to handle
intermediate misalignment), and theoretical guarantees and practical application. Firstly, under
general function approximations, we rigorously define the formulation of TL under finite-
horizon MDPs, and unveil a significant distinction between TL in the realms of RL and SL.
While the concept of “cross-task transfer” is present in both SL and RL, allowing knowledge
exchange across source and target tasks within the same stage, the notion of “cross-stage
transfer” is uniquely pertinent to the RL domain. This idea taps into future-stage information
from source tasks to expedite the learning process in the current stage of the target task. While
the multi-stage nature of RL tasks is well-acknowledged, its manifestation within TL has
remained unexplored. In practice, due to the accumulation of differences between source and
target tasks over stages, careful consideration is necessary to ensure the transfer’s minimax
performance.

This leads us to our second contribution, which involves two novel components integrated
into the proposed transfer𝑄-learning algorithm. These components are designed to guarantee
minimax optimality and enable both “cross-task transfer” and “cross-stage transfer.” The
first component establishes pseudo-responses for source tasks through a process called “re-
targeting,” aligning the future state values of source samples with the corresponding states in
the target model. The second component capitalizes on these re-targeted pseudo-responses,
leveraging techniques from supervised transfer learning to estimate the target’s optimal 𝑄∗-
function at each stage. This estimation process utilizes data from both the target task and the
pseudo-source data, thus enabling “cross-task transfer.”
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Lastly, our contributions are substantiated through a combination of rigorous theoretical
analysis and empirical evaluation. The theory uncovers conditions for effective transfer, offer-
ing practical insights. Empirical results affirm the potency of our methods in refining optimal
𝑄∗-function estimation for offline RL tasks under reasonable assumptions. For online RL
tasks, our framework demonstrates its value by trimming exploration phases and elevating
cumulative rewards, substantiated by empirical findings. This collective evidence underscores
the robust practicality of our approach.

Organization. The paper is organized as follows: Section 2 presents the model for𝑄-learning
and transfer𝑄-learning. In Section 3, we introduce our proposed methods for offline and online
𝑄-learning with knowledge transfer. Theoretical guarantees for our proposals are provided
in Section 4. Section 5 presents an extensive analysis of the numerical performance of our
methods in diverse simulation settings and a real-world medical data application. Finally,
Section 6 concludes the paper, summarizing the key findings and highlighting avenues for
future research.

2. Formulation of transfer between MDP’s

The mathematical model of an time-inhomogeneous episodic RL task is a finite-horizon MDP
defined as a tuple ℳ = {𝒮,𝒜, Pr, 𝑟, 𝛾, 𝑇}, where 𝒮 is the state space, 𝒜 is the action space, 𝑟
is the reward function, 𝛾 ∈ [0, 1] is the discount factor, and 𝑇 is the finite horizon. At time 𝑡,
for the 𝑖-th individual, an agent observes the current system state 𝒔𝑡 ,𝑖 ∈ 𝒮, chooses a decision
𝑎𝑡 ,𝑖 from a finite action set 𝒜 = {1, · · · , 𝑀}, and transits to the next state 𝒔𝑡+1,𝑖 according
to the system transition probability Pr

(︁
𝒔𝑡+1,𝑖 |𝒔𝑡 ,𝑖, 𝑎𝑡 ,𝑖

)︁
. At the same time, she receives an

immediate reward 𝑟𝑡 ,𝑖, which serves as a partial signal of the goodness of her action 𝑎𝑡 ,𝑖. The
reward function 𝑟 (·) is the expected reward at stage 𝑡 for the observation (𝒔𝑡 ,𝑖, 𝑎𝑡 ,𝑖), that is,
𝑟 (𝒔𝑡 ,𝑖, 𝑎𝑡 ,𝑖) = 𝔼[𝑟𝑡 ,𝑖 |𝒔𝑡 ,𝑖, 𝑎𝑡 ,𝑖].

An agent’s decision-making rule is denoted by a policy function 𝜋
(︁
𝑎𝑡 ,𝑖 |𝒔𝑡 ,𝑖

)︁
that maps the

covariate space 𝒮 to probability mass functions on the action space 𝒜. For each step 𝑡 ∈ [𝑇]
and a policy 𝜋, the state-value function is the expectation of the cumulative discounted reward
starting from a state 𝒔 at the 𝑡-th step:

𝑉 𝜋𝑡 (𝒔) = 𝔼
𝜋

[︄
𝑇∑︂
𝑠=𝑡

𝛾𝑠−𝑡𝑟 (𝒔𝑠,𝑖, 𝑎𝑠,𝑖)
⃓⃓⃓⃓
𝒔𝑡 ,𝑖 = 𝒔

]︄
. (1)

The expectation 𝔼𝜋 is taken under the trajectory distribution, assuming that the dynamic
system follows the given policy 𝜋 afterwards. Accordingly, the action-value function or 𝑄 𝜋-
function of a given policy 𝜋 at step 𝑡 is the expectation of the accumulated discounted reward
starting from a state 𝒔 and taking action 𝑎:

𝑄 𝜋
𝑡 (𝒔, 𝑎) = 𝔼

𝜋

[︄
𝑇∑︂
𝑠=𝑡

𝛾𝑠−𝑡𝑟 (𝒔𝑠,𝑖, 𝑎𝑠,𝑖)
⃓⃓⃓⃓
𝒔𝑡 ,𝑖 = 𝒔, 𝑎𝑡 ,𝑖 = 𝑎

]︄
. (2)

For any given action-value function 𝑄 𝜋
𝑡 : 𝒮 × 𝒜 ↦→ ℝ, the greedy policy 𝜋𝑄𝑡 is defined as,

𝜋𝑄𝑡 (𝑎 |𝒔) =
⎧⎪⎪⎨⎪⎪⎩

1 if 𝑎 = arg max
𝑎′ ∈𝒜

𝑄 𝜋
𝑡 (𝒔, 𝑎′) ,

0 otherwise.
(3)
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The overall goal of RL is to learn an optimal policy, 𝜋∗𝑡 , 𝑡 ∈ [𝑇], that maximizes the discounted
accumulative reward. To characterize optimality, we define the optimal action-value function
𝑄∗
𝑡 as

𝑄∗
𝑡 (𝒔, 𝑎) = sup

𝜋∈Π
𝑄 𝜋
𝑡 (𝒔, 𝑎) , ∀ (𝒔, 𝑎) ∈ 𝒮 × 𝒜. (4)

The optimal policy 𝜋∗𝑡 can be derived as any policy that is greedy with respect to 𝑄∗
𝑡 . The

Bellman optimal equation holds that

𝔼

[︃
𝑟𝑡 ,𝑖 + 𝛾 max

𝑎′ ∈𝒜
𝑄∗
𝑡+1
(︁
𝒔𝑡+1,𝑖, 𝑎

′)︁ −𝑄∗
𝑡

(︁
𝒔𝑡 ,𝑖, 𝑎𝑡 ,𝑖

)︁ ⃓⃓⃓⃓
𝒔𝑡 ,𝑖, 𝑎𝑡 ,𝑖

]︃
= 0. (5)

The 𝑄-learning algorithms estimate the optimal 𝑄∗
𝑡 directly and then obtain the optimal

𝜋∗ as the greedy policy (3) according to 𝑄∗
𝑡 . The MDP considered in this paper is time-

inhomogeneous since the value functions, specifically 𝑄 𝜋
𝑡 (𝒔, 𝑎),𝑄∗

𝑡 (𝒔, 𝑎), and𝑉 𝜋𝑡 (𝒔), depend
on the stage index 𝑡. But they are fixed across episodes; we do not assume stochastic drift over
episodes.

2.1. Target and source MDPs

Knowledge transfer aims to leverage data from source RL tasks that are similar to the target task
to improve learning of the target RL task. We consider source data from offline observational
data or simulated data. The target task can be an offline or online RL task. We consider 𝐾
source tasks from a set 𝒦. The target RL task of interest is referred to as the 0-th task and
written with a superscript “(0),” while the source RL tasks are written with a superscript
“(𝑘),” for 𝑘 ∈ 𝒦.

Denote the optimal 𝑄∗-functions for the target and all source tasks by 𝑄∗(𝑘 )
𝑡 (𝒔, 𝑎) for

𝑡 ∈ [𝑇], 𝑘 ∈ {0} ∪ 𝒦, with the convention that 𝑄∗
𝑇+1(𝒔, 𝑎) = 0. The random trajectories

for the 𝑘-th source task are generated from the MDP ℳ(𝑘 ) =
{︁𝒮,𝒜, Pr(𝑘 ) , 𝑟 (𝑘 ) , 𝛾, 𝑇

}︁
.

Without loss of generality, we assume the horizon length of all tasks are the same and we
denote that length as 𝑇 . For each task 0 ≤ 𝑘 ≤ 𝐾 , we collect 𝑛𝑘 trajectories of length 𝑇 ,
denoted {𝒔 (𝑘 )𝑡 ,𝑖 , 𝑎

(𝑘 )
𝑡 ,𝑖 , 𝑟

(𝑘 )
𝑡 ,𝑖 }𝑡∈[𝑇 ],𝑖∈[𝑛𝑘 ] . We also assume that the trajectories in different tasks

are independent and 𝑛𝑘 does not depend on stage 𝑡, i.e., none of the tasks have missing data.
Single-task RL considers each task 𝑘 ∈ {0} ∪ 𝒦 separately and denote the underlying true

response at step 𝑡 as

𝑦 (𝑘 )𝑡 ,𝑖 := 𝑟 (𝑘 )𝑡 ,𝑖 + 𝛾 · max
𝑎∈𝒜

𝑄∗(𝑘 )
𝑡+1 (𝒔 (𝑘 )𝑡+1,𝑖, 𝑎). (6)

According to (5), we have

𝔼

[︃
𝑦 (𝑘 )𝑡 ,𝑖 −𝑄∗(𝑘 )

𝑡

(︂
𝒔 (𝑘 )𝑡 ,𝑖 , 𝑎

(𝑘 )
𝑡 ,𝑖

)︂ ⃓⃓⃓⃓
𝒔 (𝑘 )𝑡 ,𝑖 , 𝑎

(𝑘 )
𝑡 ,𝑖

]︃
= 0, for 𝑘 ∈ {0} ∪ 𝒦, (7)

which provides a moment condition for the estimation of function 𝑄∗(𝑘 )
𝑡 . If 𝑦 (0)𝑡 ,𝑖 is directly

observable, then𝑄∗(0)
𝑡 can be estimated via regression. However, what we observe is a “partial

response” 𝑟 (0)𝑡 ,𝑖 . The other component of 𝑦 (0)𝑡 ,𝑖 , as shown in the second term on the RHS of (6),
depends on the unknown 𝑄∗-function and future observations. As will be discussed in detail
in Section 3, we estimate 𝑄∗(0)

𝑡 in a backward fashion for 𝑡 = 𝑇, · · · , 1.
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Remark 1. In this paper we focus on the case where task similarity is captured primarily
through reward differences. Although transition dynamics may also differ across tasks (Pr (𝑘 ) ≠
Pr(0) ), we do not develop full theoretical guarantees for transition transfer here. Instead, we
sketch several methodological ideas in Section 3.5 and leave a comprehensive treatment to
future work.

2.2. Similarity characterization on reward functions

We leverage the similarity of the rewards for the target and source tasks at each stage.
Defining RL task difference through the reward function has several advantages. Firstly, it is
widely applicable to health care, business, and marketing scenarios where individuals may
respond slightly differently (in terms of rewards) to the same treatment. For instance, in
many applications, reward functions represent the revenue generated in a given time period.
Discrepancies in revenue across different markets at the same time period are a significant
source of divergence in total discounted revenue over a finite time horizon.

Secondly, the similarity assumptions introduced on equation (8) can be practically validated,
as rewards for all stages are directly observable. Lastly, by permitting non-zero difference
functions 𝐷 (𝑘 ) (𝒔, 𝑎), our task similarity definition is more generalized compared to that in
[21] and [27]. In these works, they assume that optimal 𝑄∗-functions are identical between
different MDPs, which is a more restrictive condition.

Specifically, we define the difference between the reward functions of the target and the
𝑘-th source task via

𝔼

[︂
𝑟 (0)𝑡 (𝒔𝑡 ,𝑖, 𝑎𝑡 ,𝑖) − 𝑟 (𝑘 )𝑡 (𝒔𝑡 ,𝑖, 𝑎𝑡 ,𝑖)

⃓⃓
𝒔𝑡 ,𝑖 = 𝒔, 𝑎𝑡 ,𝑖 = 𝑎

]︂
= 𝐷 (𝑘 )

𝑡 (𝒔, 𝑎), (8)

for 𝑡 ∈ [𝑇] and 𝑘 ∈ [𝐾] where 𝐷 (𝑘 )
𝑡 (𝒔, 𝑎) is the the discrepancy function between reward

functions. When this difference, denoted as 𝐷 (𝑘 )
𝑡 (𝒔, 𝑎), is deemed “small,” we have the

capability to consolidate all source and target data to estimate the “large” common component
across the data. At the same time, we can utilize only the target data to estimate the “small”
differences. We will formally define the magnitude of difference 𝐷 (𝑘 )

𝑡 (𝒔, 𝑎) in Section 4.
The similarity quantification (8) also has a potential outcome point of view. Specifically,

for a realized state-action pair (𝒔, 𝑎), the difference of reward values when switching its par-
ticipation from the 𝑘-th task to the target task is 𝐷 (𝑘 )

𝑡 (𝒔, 𝑎). Because one individual only
participates one study in the current setting, the “switching” describes unobserved counter-
factual facts [17]. Nevertheless, empowered by the potential response framework, we are able
to generate counterfactual estimates using samples from 𝑘-th study and estimated coefficients
of the target study.

3. Transfer 𝑸-learning algorithms for time-inhomogeneous MDPs

In Section 3.1, we delineate the novel challenges and phenomena inherent in TL for RL, while
also presenting the rationale behind our proposed methods. In Section 3.2, we introduce a
𝑄-learning method for offline-to-offline transfer. In Section 3.3, we generalize our proposal
to deal with offline-to-online transfer. All discussions are under a general function setting.
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3.1. New challenge and phenomena in TL for RL

We utilize the Bellman optimal equations (5) and (7) to estimate the optimal 𝑄∗-function for
the target task. A fundamental distinction between RL and SL lies in the unavailability of the
true response 𝑦 (0)𝑡 ,𝑖 , as defined in (6).

In the context of single-task𝑄-learning, pseudo-responsesˆ︁𝑦 (𝑘 )𝑡 ,𝑖 for 𝑘 ∈ 0∪[𝐾] are typically
constructed using the observed 𝑟 (𝑘 )𝑡 ,𝑖 and an estimator of𝑄∗

𝑡+1(𝒔, 𝑎). Thus, an immediate exten-
sion of transfer learning (TL) for SL involves augmenting target pseudo-samples {𝒔 (0)𝑡 ,𝑖 ,ˆ︁𝑦 (0)𝑡 ,𝑖 }
with pseudo-samples {𝒔 (𝑘 )𝑡 ,𝑖 ,ˆ︁𝑦 (𝑘 )𝑡 ,𝑖 } from the source tasks 𝑘 ∈ 𝒦. Here, pseudo-response ˆ︁𝑦 (𝑘 )𝑡 ,𝑖

is defined as:

ˆ︁𝑦 (𝑘 )𝑡 ,𝑖 := 𝑟 (𝑘 )𝑡 ,𝑖 + 𝛾 · max
𝑎∈𝒜

𝑄∗(𝑘 )
𝑡+1 (𝒔 (𝑘 )𝑡+1,𝑖, 𝑎), for 𝑘 ∈ {0} ∪ 𝒦 . (9)

However, this straightforward construction of pseudo-responses introduces an additional bias
due to the mismatch between the source max𝑎 𝑄∗(𝑘 )

𝑡+1 (𝒔, 𝑎) and the target max𝑎 𝑄∗(0)
𝑡+1 (𝒔, 𝑎) on

a population level. Specifically, by combining equations (6) and (8), we the following moment
equations:

𝔼

[︂
𝑦 (0)𝑡 ,𝑖

⃓⃓
𝒔𝑡 ,𝑖 = 𝒔, 𝑎𝑡 ,𝑖 = 𝑎

]︂
= 𝑄∗(0)

𝑡 (𝒔, 𝑎), (10)

𝔼

[︂
𝑦 (𝑘 )𝑡 ,𝑖 | 𝒔 (𝑘 )𝑡 ,𝑖 = 𝒔, 𝑎 (𝑘 )𝑡 ,𝑖 = 𝑎

]︂
= 𝑄∗(0)

𝑡 (𝒔, 𝑎) + 𝐷 (𝑘 )
𝑡 (𝒔, 𝑎) + Bias(𝒔, 𝑎), (11)

where 𝐷 (𝑘 )
𝑡 (𝒔, 𝑎) is typically assumed to be small because of the similarity between tasks,

but the additional error

Bias(𝒔, 𝑎) = 𝔼

[︃
𝛾 · max

𝑎∈𝒜
𝑄∗(0)
𝑡+1 (𝒔 (0)𝑡+1,𝑖, 𝑎)

⃓⃓
𝒔 (0)𝑡 ,𝑖 = 𝒔, 𝑎 (0)𝑡 ,𝑖 = 𝑎

]︃
− 𝔼

[︃
𝛾 · max

𝑎∈𝒜
𝑄∗(𝑘 )
𝑡+1 (𝒔 (𝑘 )𝑡+1,𝑖, 𝑎)

⃓⃓
𝒔 (𝑘 )𝑡 ,𝑖 = 𝒔, 𝑎 (𝑘 )𝑡 ,𝑖 = 𝑎

]︃
resulting from task differences is not inherently minor.

Our innovative approach involves constructing pseudo-responses for the source tasks
through a process of “re-targeting” them to the target model. To grasp the rationale be-
hind this approach, let’s consider the population level. At any time step 𝑡, if we possess the
true value of𝑄∗(0)

𝑡+1 (·, ·), we can design a “re-targeted response” 𝑦 (𝑡𝑙−𝑘 )𝑡 ,𝑖 , using source samples,
as follows:

𝑦 (𝑡𝑙−𝑘 )𝑡 ,𝑖 := 𝑟 (𝑘 )𝑡 ,𝑖 + 𝛾 · max
𝑎∈𝒜

𝑄∗(0)
𝑡+1 (𝒔 (𝑘 )𝑡+1,𝑖, 𝑎). (12)

Remarkably, 𝑄∗(0)
𝑡+1 (·, ·) is not the true𝑄∗ function of the 𝑘-th task, but rather that of the target

task. Notably, 𝑦 (𝑡𝑙−𝑘 )𝑡 ,𝑖 is generated by aligning its future state with the future state of the target
model. By combining equations (6), (8), and (12), we derive the following moment equation:

𝔼

[︂
𝑦 (𝑡𝑙−𝑘 )𝑡

⃓⃓
𝒔 (𝑘 )𝑡 ,𝑖 = 𝒔, 𝑎 (𝑘 )𝑡 ,𝑖 = 𝑎

]︂
= 𝑄∗(0)

𝑡 (𝒔, 𝑎) + 𝐷 (𝑘 )
𝑡 (𝒔, 𝑎). (13)

It is worth-noting that𝑄∗(0)
𝑡 +𝐷 (𝑘 )

𝑡 ≠ 𝑄∗(𝑘 )
𝑡 and we do not impose any assumption on𝑄∗(𝑘 )

𝑡 −
𝑄∗(0)
𝑡 . Comparing (10), (11), and (13), we can see that, through the re-targeting, the discrepancy
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Fig 1. Illustration of single-task 𝑄-learning and transfer 𝑄-learning. Naive application of transfer algorithms for
regression without re-targeting will incur extra accumulated bias along the red arrows.

between the expected values of 𝑦 (0)𝑡 ,𝑖 and 𝑦 (𝑡𝑙−𝑘 )𝑡 ,𝑖 solely arises from the inconsistency between
their reward functions at stage 𝑡.

This rationale underlies the concept of the “re-targeted pseudo responses” ˆ︁𝑦 (𝑡𝑙−𝑘 )𝑡 for the
source tasks 𝑘 ∈ [𝐾], which is defined by

ˆ︁𝑦 (𝑡𝑙−𝑘 )𝑡 ,𝑖 := 𝑟 (𝑘 )𝑡 ,𝑖 + 𝛾 · max
𝑎∈𝒜

ˆ︁𝑄 (0)
𝑡+1(𝒔

(𝑘 )
𝑡+1,𝑖, 𝑎), (14)

where ˆ︁𝑄 (0)
𝑡+1 is an estimate of 𝑄∗(0)

𝑡+1 . For the target task, we use simply the pseudo responsesˆ︁𝒚 (0)𝑡 , defined as

ˆ︁𝑦 (0)𝑡 ,𝑖 := 𝑟 (0)𝑡 ,𝑖 + 𝛾 · max
𝑎∈𝒜

ˆ︁𝑄 (0)
𝑡+1(𝒔

(0)
𝑡+1,𝑖, 𝑎). (15)

The premise of transfer learning is the presence of abundant source data and relatively
minor differences. Consequently, we can effectively learn the term 𝑄 (0)

𝑡 (𝒔, 𝑎) + 𝐷 (𝑘 )
𝑡 (𝒔, 𝑎) in

(13) by leveraging a substantial amount of source data. Then, due to the small differences, we
can also achieve accurate learning of the difference, or bias term, 𝐷 (𝑘 )

𝑡 (𝒔, 𝑎), between (10)
and (13), even with a limited amount of target data. In summary, the transferred estimation
for 𝑄 (0)

𝑡 (𝒔, 𝑎) surpasses single-task estimation due to these factors.
Figure 1 visually outlines the process of our proposed transfer 𝑄-learning algorithm in

contrast to the conventional single-task𝑄-learning approach. It is evident from the illustration
that our method employs information aggregation through two key mechanisms. Firstly, during
the estimation of ˆ︁𝑄 (0)

𝑡 at stage 𝑡, we leverage information from the 𝑡-th stage of source tasks,
represented by {𝒓 (𝑘 )𝑡 ,𝑖 }𝐾𝑘=1. This process is referred to as “cross-task transfer,” which is similar
to the phenomena of transfer learning for supervised regression.
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Secondly, the estimated pseudo response for the target model, denoted asˆ︁𝒚 (0)𝑡 ,𝑖 , is constructed
based on the transfer learning estimator ˆ︁𝑄 (0)

𝑡+1. This introduces a positive cascading effect across
stages: improved accuracy in estimating ˆ︁𝑄 (0)

𝑠 , for 𝑡 < 𝑠 ≤ 𝑇 , enhances the estimation of the
second term in (6). Consequently, this enhancement positively influences the estimation ofˆ︁𝑄 (0)
𝑡 in subsequent steps. As a direct result, the accuracy of the current-step estimator ˆ︁𝑄 (0)

𝑡

benefits, given that the current response estimation ˆ︁𝒚 (0)𝑡 ,𝑖 exhibits lower error compared to its
single-task counterpart.

This phenomenon, distinct to RL transfer learning, is termed “cross-stage transfer,” and it
serves as an additional layer of information exchange that enhances the algorithm’s perfor-
mance.

3.2. Offline-to-offline transfer

Building upon the foundational principle outlined in the previous section, we introduce a trans-
fer 𝑄-learning algorithm that follows a backward inductive approach, designed specifically
for offline-to-offline transfer.

The algorithm’s flow is summarized in Algorithm 1. Starting from the final stage𝑇 where we
have full observations of {𝒔 (𝑘 )𝑇,𝑖 , 𝑎

(𝑘 )
𝑇,𝑖 , 𝑦

(𝑘 )
𝑇,𝑖 }𝑖∈[𝑛𝑘 ] for each task, we apply supervised transfer

learning algorithms to estimate the target function ˆ︁𝑄 (0)
𝑇 . Proceeding backwardly to stages

𝑡 = 𝑇 − 1, · · · , 1, we calculate the pseudo response 𝑦 (0)𝑡 ,𝑖 in (15) using ˆ︁𝑄 (0)
𝑡+1, thereby estimating

the 𝑄∗-function’s observations for the target task at stage 𝑡. To leverage the source data, we
calculate the re-targeted pseudo response 𝑦 (𝑡𝑙−𝑘 )𝑡 ,𝑖 in (14) with the help of ˆ︁𝑄 (0)

𝑡+1.
The general transfer learning procedure involves two main steps: (i) It begins by estimating

a pooled estimator from the combined source re-targeted pseudo data 𝑦 (𝑡𝑙−𝑘 )𝑡 ,𝑖 for 𝑘 ∈ [𝐾]; (ii)
It then estimates the bias using the target pseudo data 𝑦 (0)𝑡 ,𝑖 and estimated pooled ˆ︁𝑄. The final
estimate ˆ︁𝑄 (0)

𝑡+1 is obtained by debiasing the pooled estimator with the estimated bias.
The penalty term 𝜆0 · 𝑝(𝐷) serves to enforce the “small” difference assumption, while the

penalty term 𝜆src · 𝑝(𝑄) prevents overfitting of the pooled 𝑄∗ function.

Adaptability of the supervised regression transfer block. The component of the super-
vised regression transfer block is designed to be flexible, allowing for seamless substitution
with various transfer learning methodologies from supervised learning, contingent upon their
assumptions and objectives [36, 1, 13, 25]. An instance of transfer 𝑄-learning with linear 𝑄∗

and TransLASSO [23] is detailed in Section 4 and Algorithm 3.

3.3. Offline-to-online transfer

Now, we introduce the offline-to-online transfer𝑄-learning algorithm. In this context, transfer
learning can provide an efficient way to leverage the offline data, including demonstrations
for the target task, suboptimal policies and demonstrations for the source tasks. Algorithm
2 outlines the online transfer 𝑄-learning framework, grounded in the exploration and then
commit (ETC) paradigm.

Algorithm 2 first generates 𝑛𝑒 trajectories from the target task in the exploration phase.
Then in the learning phase, Algorithm 1 is called to combine the target data with the offline
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Algorithm 1: Transfer 𝑄-learning (General)
Input : Target data {{𝒔 (0)𝑡 ,𝑖 , 𝑎

(0)
𝑡 ,𝑖 , 𝑟

(0)
𝑡 ,𝑖 }𝑡∈[𝑇 ] }𝑖∈[𝑛0 ] ,

source data {{{𝒔 (𝑘 )𝑡 ,𝑖 , 𝑎
(𝑘 )
𝑡 ,𝑖 , 𝑟

(𝑘 )
𝑡 ,𝑖 }𝑡∈[𝑇 ] }𝑖∈[𝑛𝑘 ] }𝐾𝑘=1, and

discount factor 𝛾 ∈ [0, 1].
1 Let ˆ︁𝑄 (0)

𝑇+1 (·) = 0 to deal with pseudo-response construction at last stage 𝑇 .
2 for 𝑡 = 𝑇, . . . , 1 ; // Backward calculation from the last stage.
3 do
4 Construct re-targeted pseudo-response ˆ︁𝑦 (𝑡𝑙−𝑘 )𝑡 ,𝑖 (14) and ˆ︁𝑦 (0)𝑡 ,𝑖 (15).

/⁎ Supervised regression transfer block: aggregate and debias. ⁎/
5 Transfer learning:

ˆ︁𝑄𝑡 = argmin𝑄

{︄
𝐾∑︂
𝑘=1

𝑛𝑘∑︂
𝑖=1

ℓ
(︂ˆ︁𝑦 (𝑡𝑙−𝑘 )𝑡 ,𝑖 −𝑄(𝒔 (𝑘 )𝑡 ,𝑖 , 𝑎

(𝑘 )
𝑡 ,𝑖 )

)︂
+ 𝜆src · 𝑝(𝑄)

}︄
.

ˆ︁𝐷𝑡 = argmin𝐷

{︄ 𝑛0∑︂
𝑖=1

ℓ
(︂ˆ︁𝑦 (0)𝑡 ,𝑖 − ˆ︁𝑄𝑡 (𝒔 (0)𝑡 ,𝑖 , 𝑎 (0)𝑡 ,𝑖 ) − 𝐷 (𝒔 (0)𝑡 ,𝑖 , 𝑎

(0)
𝑡 ,𝑖 )

)︂
+ 𝜆0 · 𝑝(𝐷)

}︄
.

where ℓ(·) and 𝑝(·) are any suitable loss and regularization functions chosen for desired scenarios.
6 Set ˆ︁𝑄 (0)

𝑡 = ˆ︁𝑄𝑡 + ˆ︁𝐷𝑡 .
Output: ˆ︁𝑄 (0)

𝑡 for all stage 𝑡 ∈ [𝑇].

source data to estimate the target parameters. Lastly in the exploitation phase, it executes a
greedy action to maximize the estimated 𝑄∗-function at each stage afterwards. The longer the
exploration phase, the larger the regret since the estimated optimal policy is not employed in
the exploration phase. We will show in theory that 𝑛𝑒 can be set much smaller by leveraging
offline data under certain conditions. Specifically, it suffices to take 𝑛𝑒 ≥ 𝑐 log 𝑝 in Algorithm
2 when having a large amount of offline data. In contrast, without offline data, we show that
one needs to take 𝑛𝑒 ≥ 𝑐𝑠 log 𝑝. This is because one can learn a near-optimal policy based on
the offline data when the offline tasks are sufficiently similar to the target task.

3.4. Streaming retargeting for online sources

The re-targeting step in Algorithm 1 requires only the observed transition (𝑠 (𝑘 )𝑡 , 𝑎 (𝑘 )𝑡 , 𝑟 (𝑘 )𝑡 , 𝑠 (𝑘 )𝑡+1)
and the current estimate of the target value ˆ︁𝑄 (0)

𝑡+1:

ˆ︁𝑦 𝑡𝑙−𝑘𝑡 ,𝑖 = 𝑟 (𝑘 )𝑡 ,𝑖 + 𝛾 max
𝑎∈𝒜

ˆ︁𝑄 (0)
𝑡+1(𝑠

(𝑘 )
𝑡+1,𝑖, 𝑎).

Thus, re-targeting never requires observing actions beyond 𝑡 + 1. This observation allows us
to adapt the method efficiently to streaming settings.

Episode-buffered approach. A straightforward strategy is to buffer full episodes from each
source and, once an episode terminates, run a backward pass to re-target labels and update
estimates. While statistically valid, this strategy is computationally expensive, as it requires
waiting for complete episodes.

One-step re-targeting. In streaming sources, a more efficient approach is to form re-targeted
labels online. As soon as a transition is completed, we immediately compute the re-targeted
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Algorithm 2: Explore-Transfer-Then-Commit: Offline to Online Transfer
Input : Offline source data {{{𝒔 (𝑘 )𝑡 ,𝑖 , 𝑎

(𝑘 )
𝑡 ,𝑖 , 𝑟

(𝑘 )
𝑡 ,𝑖 }𝑡∈[𝑇 ] }𝑖∈[𝑛𝑘 ] }𝐾𝑘=1.

Exploration phase length 𝑛𝑒, an exploration policy 𝜋𝑒.
1 # Exploration phase
2 for 𝑖 = 1, . . . , 𝑛𝑒 do
3 for 𝑡 = 1, . . . , 𝑇 do
4 Take action 𝑎 (0)𝑡 ,𝑖 = 𝜋𝑒 (·|𝒔 (0)𝑡 ,𝑖 ), get 𝑟 (0)𝑡 ,𝑖 and 𝒔

(0)
𝑡+1,𝑖 .

5 # Transfer phase
6 Run Algorithm 1 with target data {{𝒔 (0)𝑡 ,𝑖 , 𝑎

(0)
𝑡 ,𝑖 , 𝑟

(0)
𝑡 ,𝑖 }𝑡∈[𝑇 ] }𝑖∈[𝑛𝑒 ] and offline source data

{{{𝒔 (𝑘 )𝑡 ,𝑖 , 𝑎
(𝑘 )
𝑡 ,𝑖 , 𝑟

(𝑘 )
𝑡 ,𝑖 }𝑡∈[𝑇 ] }𝑖∈[𝑛𝑘 ] }𝐾𝑘=1.

7 Output {ˆ︁𝑄 (0)
𝑡 }𝑇

𝑡=1.
8 # Exploitation phase
9 for 𝑖 = 𝑛𝑒 + 1, . . . , do

10 for 𝑡 = 1, . . . , 𝑇 do
11 Take greedy action ˆ︁𝑎𝑡 ,𝑖 = arg max𝑎∈[𝑀 ] ˆ︁𝑄 (0)

𝑡 (𝒔 (0)𝑡 ,𝑖 , 𝑎) and transit to 𝒔
(0)
𝑡+1,𝑖 .

Output: Online actions {ˆ︁𝑎 (0)𝑡 ,𝑖 }𝑡∈[𝑇 ] , 𝑖 = 1, . . .

label using the current ˆ︁𝑄 (0)
𝑡+1 and add it to a per-stage buffer. This requires only a one-step delay

(until 𝑠𝑡+1 is observed), not the full episode.

Mini-batch backward updates. We maintain stage-wise buffers ℬsrc
𝑡 and ℬtgt

𝑡 of recent
tuples and their re-targeted labels. Periodically (e.g., every 𝐻 new target episodes or whenˆ︁𝑄 (0) changes materially), we perform a short backward sweep over 𝑡 = 𝑇, . . . , 1: (i) re-label
only the right-hand sides (since feature matrices 𝑊𝑡 remain fixed), and (ii) update the pooled
and de-bias regressions using warm starts (Algorithm 3 in the linear case). This procedure
preserves the “cross-stage” backward structure while avoiding full-episode relabeling, yielding
substantial computational savings.

In summary, one-step streaming re-targeting ensures that our framework extends natu-
rally to continuous data arrival, while maintaining both statistical validity and computational
efficiency.

3.5. Beyond reward similarity

Our current framework focuses on stage-wise reward similarity with mild design similarity
across tasks, and does not provide guarantees under general transition shifts. While this setting
is broad and practically verifiable, important extensions remain. In particular, when transition
dynamics differ significantly across tasks, re-targeting alone may leave residual bias.

We briefly outline several promising directions for handling such transition shifts:

• Importance-weighted re-targeting. By estimating conditional transition density ratios
𝜔 (𝑘 )
𝑡 (𝑠′ | 𝑠, 𝑎) = 𝑝

(0)
𝑡 (𝑠′ |𝑠,𝑎)
𝑝
(𝑘)
𝑡 (𝑠′ |𝑠,𝑎) , source transitions can be re-weighted so that their

conditional distribution aligns with the target’s. This corrects for covariate shift in
next-state features and provides unbiased re-targeted samples when transitions differ.
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• Representation alignment. In linear and feature-based MDPs, one can estimate or
learn successor features that capture long-run transition dynamics. Aligning these rep-
resentations across tasks, through penalization or constrained regression, allows pooled
estimation to remain valid even under transition heterogeneity.

• Robust transfer via distributional penalties. Rather than assuming exact similarity,
one can add penalties based on integral probability metrics (IPMs) such as Maximum
Mean Discrepancy (MMD) or Wasserstein distance to discourage reliance on sources
whose next-state feature distributions diverge from the target [33, 12]. This yields error
bounds with explicit additive terms reflecting the magnitude of transition shift.

These extensions call for new estimation tools and theoretical analysis, but they provide
a principled roadmap for expanding our framework beyond the reward-similarity regime
studied here. Recent papers in transfer learning in RL has explored some of those directions
[6, 3, 38, 4, 39]. A full development of these methods is beyond the scope of this paper and
will be pursued in future work.

4. Theoretical results

For our theoretical analysis we focus on the linear function approximation setting (Algo-
rithm 3), which is widely adopted in applications across health, economics, and business.
Recall that Algorithm 1 specifies the general transferred 𝑄-learning framework; in this sec-
tion we analyze its linear instantiation, Algorithm 3. All formal guarantees, including Theo-
rem 4.2, are therefore stated for Algorithm 3. While the overall proof strategy extends in spirit
to semi-parametric, nonparametric, or other general function approximation classes, such
cases require substantially different technical tools. We view these extensions as important
directions for future research.

The optimal action-value and the reward difference function are parameterized as

𝑄∗(𝑘 )
𝑡 (𝒔, 𝑎) = 𝑄∗

𝑡 (𝒔, 𝑎; 𝜽 (𝑘 ) ) = 𝒘(𝒔, 𝑎)⊤𝜽 (𝑘 )
𝑡 , (16)

𝐷 (𝑘 )
𝑡 (𝒔, 𝑎) = 𝐷𝑡 (𝒔, 𝑎; 𝜹 (𝑘 ) ) = 𝒘(𝒔, 𝑎)⊤𝜹 (𝑘 )

𝑡 , (17)

for 𝑘 ∈ {0} ∪ [𝐾] where 𝒘(𝒔, 𝑎) = [𝝓(𝒔)⊤1(𝑎 = 1), · · · , 𝝓(𝒔)⊤1(𝑎 = 𝑀)], 𝜙(·) are fixed
nonlinear feature functions and can be viewed as the state representation. Linear𝑄∗-functions
on features have been widely used in literature of dynamic treatment regime [32, 26] and
machine learning [37, 15]. For example, the 𝑄∗-function of a linear MDP is a linear function
of features defined on 𝒔 and 𝑎 [37, 15, 14]. In different contexts, 𝒔 can be high-dimensional,
such as the feature vector constructed by basis functions [34, 26, 15] as an approximation
to nonparametric 𝑄∗-functions. The feature 𝜙(𝒔) can also be taken as a given representation
learned from kernel methods or neural networks.

Accordingly, the task similarity under linear approximation (16) and (17) is defined by the
ℓ𝑞-sparsity of 𝜹 (𝑘 )

𝑡 for 𝑞 ∈ [0, 1]:

max
𝑡∈[𝑇 ],𝑘∈[𝐾 ]

∥𝜹 (𝑘 )
𝑡 ∥𝑞 ≤ ℎ. (18)

Let 𝑾 (𝑘 )
𝑡 be a 𝑛𝑘 × 𝑝 matrix whose 𝑖-th row is 𝒘(𝒔 (𝑘 )𝑖,𝑡 , 𝑎

(𝑘 )
𝑖,𝑡 ). In the linear case, we employ

the Trans-Lasso algorithm [23], a representative of transferred linear regression methods,
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Algorithm 3: Transfer 𝑄-learning algorithm (Linear)
Input : Target data {{𝒔 (0)𝑡 ,𝑖 , 𝑎

(0)
𝑡 ,𝑖 , 𝑟

(0)
𝑡 ,𝑖 }𝑡∈[𝑇 ] }𝑖∈[𝑛0 ] ,

source data {{{𝒔 (𝑘 )𝑡 ,𝑖 , 𝑎
(𝑘 )
𝑡 ,𝑖 , 𝑟

(𝑘 )
𝑡 ,𝑖 }𝑡∈[𝑇 ] }𝑖∈[𝑛𝑘 ] }𝐾𝑘=1, and

discount factor 𝛾 ∈ [0, 1].
1 Construct features 𝑾 (𝑘 )

𝑡 as a 𝑛𝑘 × 𝑝 matrix whose 𝑖-th row is 𝒘(𝒔 (𝑘 )𝑖,𝑡 , 𝑎
(𝑘 )
𝑖,𝑡 ) for 𝑘 ∈ {0} ∪ [𝒦] where

𝒘(𝒔, 𝑎) = [𝝓(𝒔)⊤1(𝑎 = 1), · · · , 𝝓(𝒔)⊤1(𝑎 = 𝑀)].
2 Let ˆ︁𝜽 (0)𝑇+1 = 0 to deal with pseudo-response construction at last stage 𝑇 .
3 for 𝑡 = 𝑇, . . . , 1 do
4 Construct vectors of pseudo-response ˆ︁𝑦 (𝑡𝑙−𝑘 )𝑡 ,𝑖 (14) and ˆ︁𝑦 (0)𝑡 ,𝑖 (15) for the linear setting by

ˆ︁𝒚 (𝑡𝑙−𝑘 )𝑡 = 𝒓
(𝑘 )
𝑡 + 𝛾𝑾 (𝑘 )

𝑡
ˆ︁𝜽 (0)𝑡+1, 𝑘 = 1, . . . , 𝐾

ˆ︁𝒚 (0)𝑡 = 𝒓
(0)
𝑡 + 𝛾𝑾 (0)

𝑡
ˆ︁𝜽 (0)𝑡+1.

5 Apply the transfer learning algorithm for supervised regression:

ˆ︁𝒃𝑡 = argmin𝒘∈ℝ𝑝

{︄
𝐾∑︂
𝑘=1

∥ˆ︁𝒚 (𝑡𝑙−𝑘 )𝑡 −𝑾
(𝑘 )
𝑡 𝒃∥2

2 + 𝜆src∥𝒃∥1

}︄
.

ˆ︁𝜹𝑡 = argmin𝜹∈ℝ𝑝

{︂
∥ˆ︁𝒚 (0)𝑡 −𝑾

(0)
𝑡 (𝜹 +ˆ︁𝒃𝑡 )∥2

2 + 𝜆0∥𝜹∥1
}︂
.

Thresholdˆ︁𝜹𝑡 such that (𝜹̌𝑡 ) 𝑗 = (ˆ︁𝜹𝑡 ) 𝑗1( | (ˆ︁𝜹𝑡 ) 𝑗 | ≥ 𝜆0). Threshold ˆ︁𝒃𝑡 such that
( 𝒃̌𝑡 ) 𝑗 = (ˆ︁𝒃𝑡 ) 𝑗1( | (ˆ︁𝒃𝑡 ) 𝑗 | ≥ 𝜆src).

6 Calculate ˆ︁𝜽 (0)𝑡 = 𝒃̌𝑡 + 𝜹̌𝑡 .

Output: {ˆ︁𝜽 (0)𝑡 }𝑡=[𝑇 ] .

owing to its simplicity and rate-optimal properties. Specifically, line 5 - 6 in Algorithm 1 is
instantiated with:

ˆ︁𝒃𝑡 = argmin𝒃∈ℝ𝑝

{︄
𝐾∑︂
𝑘=1

∥ˆ︁𝒚 (𝑡𝑙−𝑘 )𝑡 −𝑾 (𝑘 )
𝑡 𝒃∥2

2 + 𝜆src∥𝒃∥1

}︄
.

ˆ︁𝜹𝑡 = argmin𝜹∈ℝ𝑝

{︂
∥ˆ︁𝒚 (0)𝑡 −𝑾 (0)

𝑡 (𝜹 +ˆ︁𝒃𝑡 )∥2
2 + 𝜆0∥𝜹∥1

}︂
.

We threshold ˆ︁𝜹𝑡 such that (𝜹̌𝑡 ) 𝑗 = (ˆ︁𝜹𝑡 ) 𝑗1(| (ˆ︁𝜹𝑡 ) 𝑗 | ≥ 𝜆0) and threshold ˆ︁𝒃𝑡 such that ( 𝒃̌𝑡 ) 𝑗 =
(ˆ︁𝒃𝑡 ) 𝑗1(| (ˆ︁𝒃𝑡 ) 𝑗 | ≥ 𝜆src). The final output is ˆ︁𝜽 (0)

𝑡 = 𝒃̌𝑡 + 𝜹̌𝑡 and ˆ︁𝑄 (0)
𝑡 (𝒔, 𝑎) = [𝝓(𝒔)⊤1(𝑎 =

1), · · · , 𝝓(𝒔)⊤1(𝑎 = 𝑀)]ˆ︁𝜽 (0)
𝑡 for all stage 𝑡 ∈ [𝑇].

4.1. Theoretical guarantees under linear function approximation

In this section, we provide rigorous error and regret analyses of both offline and online
transfer 𝑄-learning under the similarity characterization (18). Under such a characterization,
the parameter space we consider is

Ω𝑞 (𝑠, ℎ) =
{︃
{𝜽 (0)
𝑡 , {𝜹 (𝑘 )

𝑡 }𝑘∈[𝐾 ] )}𝑡∈[𝑇 ] : max
𝑡∈[𝑇 ]

∥𝜽 (0)
𝑡 ∥0 ≤ 𝑠, max

𝑡∈[𝑇 ],𝑘∈[𝐾 ]
∥𝜹 (𝑘 )
𝑡 ∥𝑞 ≤ ℎ

}︃
.

We write 𝑁src =
∑︁𝐾
𝑘=1 𝑛𝑘 as the total number of trajectories from the source tasks.
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Assumption 4.1 (Conditions on the design). For 𝑘 = 0, . . . , 𝐾 and 𝑡 = 1, . . . , 𝑇 , 𝒔 (𝑘 )𝑡 ,𝑖 are sub-
Gaussian with mean zero and independent across tasks indexed by 𝑘 and across trajectories
indexed by 𝑖. Let (𝒘 (𝑘 )

𝑡 ,𝑖 )⊤ = [𝝓(𝒔 (𝑘 )𝑡 ,𝑖 )⊤1(𝑎 (𝑘 )𝑡 ,𝑖 = 1), · · · , 𝝓(𝒔 (𝑘 )𝑡 ,𝑖 )⊤1(𝑎 (𝑘 )𝑡 ,𝑖 = 𝑀)] for some
known basis functions 𝝓(·) and denote the dimension of 𝒘 (𝑘 )

𝑡 ,𝑖 as 𝑝. The covariance matrices
𝚺 (𝑘 )
𝑡 = 𝔼[𝒘 (𝑘 )

𝑡 ,𝑖 (𝒘 (𝑘 )
𝑡 ,𝑖 )⊤] are positive definite with bounded eigenvalues, 𝑡 = 1, . . . , 𝑇 , 𝑘 =

1, . . . , 𝐾. Moreover,

max
𝑡∈[𝑇 ]

max
𝑘∈[𝐾 ]

⃦⃦⃦
𝚺 (𝑘 )
𝑡 (𝚺 (0)

𝑡 )−1 − 𝐼2𝑝

⃦⃦⃦
∞,1

≤ 𝐶Σ < 1. (19)

Assumption 4.1 requires sub-Gaussian designs for all the tasks. The positive definiteness of
𝚺 (𝑘 )
𝑡 assumes regularity of the covariance of 𝒔 (𝑘 )𝑡 ,𝑖 but also requires 𝑎 (𝑘 )𝑡 ,𝑖 has constant variance

across samples. Moreover, we require in (19) that the covariance matrices for the source and
target tasks are sufficiently similar.

4.1.1. Convergence rate for the linear setting

We provide theoretical guarantees for the offline-to-offline transfer in this subsection. Theorem
4.2 establishes the convergence rate for {ˆ︁𝜽 (0)

𝑡 }𝑡∈[𝑇 ] in this setting.

Theorem 4.2 (Convergence rate of Algorithm 3). Suppose that Assumptions 4.1 hold and
(18) holds with 𝑞 = 1. Let 𝑁src be the total number of samples in source tasks. We take the
tuning parameters to be

𝜆src = 𝑐1

√︃
log 𝑝
𝑁src

+ 𝑐1

√︃
ℎ

𝑠

(︃
log 𝑝
𝑛0

)︃1/4
and 𝜆0 = 𝑐1

√︃
log 𝑝
𝑛0

.

Under the sample size condition that 𝑠
√︁

log 𝑝/𝑁src+ℎ+𝑠ℎ
√︁

log 𝑝/𝑛0 ≤ 𝐶, for any 𝑡 = 1, . . . , 𝑇 ,
we have

1
𝑛0

⃦⃦⃦
𝑾 (0)
𝑡 (ˆ︁𝜽 (0)

𝑡 − 𝜽 (0)
𝑡 )

⃦⃦⃦2

2
∨
⃦⃦⃦ˆ︁𝜽 (0)
𝑡 − 𝜽 (0)

𝑡

⃦⃦⃦2

2
≲

⃦⃦⃦ˆ︁𝜽 (0)
𝑡+1 − 𝜽 (0)

𝑡+1

⃦⃦⃦2

2
+ 𝑠 log 𝑝

𝑁src
+ ℎ
√︃

log 𝑝
𝑛0

.

with probability at least 1 − exp(−𝑐2 log 𝑝).
Theorem 4.2 establishes the estimation accuracy of the target 𝑄∗-function at each stage.

The rate for the final stage (𝑡 = 𝑇) is the minimax optimal rate in supervised regression with
transfer learning [23] since the final-stage reward equals the value of the state-action pair. For
the 𝑡-th stage (𝑡 < 𝑇), the estimation error fromˆ︁𝜽 (0)

𝑡+1 − 𝜽 (0)
𝑡+1 accumulates, as a consequence of

using pseudo-responses. Thus, empirically one may expect that the estimation errors become
larger in the earlier stages, even though the convergence rate of each stage are the same. In the
upper bound, the sparsity 𝑠 of the target parameter is weighted with 1/𝑁src and the maximum
sparsity ℎ of the contrast vectors is weighted with 1/√𝑛0. This shows the improvement of
transfer learning, where the 𝑠-sparse component is learned based on all the studies but the
task-specific contrast vectors can only be identified based on the target study with 𝑛0 samples.
When the similarity is sufficiently high, then ℎ ≪ 𝑠

√︁
log 𝑝/𝑛0 and transfer learning can lead

to improvements in this case. In the theorem, we our choice of 𝜆src depends on the unknown
ℎ/𝑠, which is for a convenient proof of desirable convergence rate. In practice, 𝜆src can be
chosen by cross-validation.



5302 E. Chen et al.

Remark 2 (Convergence rate of single-task 𝑄-learning). Letˆ︁𝜽 (𝑠𝑡 )
𝑡 , 𝑡 ∈ [𝑇], be the single-task

𝑄-learning estimator studied in [32]. For any 𝑡 = 1, . . . , 𝑇 ,

∥ˆ︁𝜽 (𝑠𝑡 )
𝑡 − 𝜽 (0)

𝑡 ∥2
2 ≲ ∥ˆ︁𝜽 (𝑠𝑡 )

𝑡+1 − 𝜽 (0)
𝑡+1∥2

2 +
𝑠 log 𝑝
𝑛0

.

For the final stage, the transfer learning estimator ˆ︁𝜽 (0)
𝑇 has faster convergence rate than

the single-task estimator ˆ︁𝜽 (𝑠𝑡 )
𝑡 as long as 𝑁src ≫ 𝑛0 and ℎ ≪ 𝑠

√︁
log 𝑝/𝑛0. Furthermore, the

convergence rate of ˆ︁𝜽 (0)
𝑇 is minimax optimal in the parameter space of interest. For the 𝑡-th

stage for 𝑡 < 𝑇 , the gain of transfer learning has two aspects. The first is the error inherited from
the next stage, ∥ˆ︁𝜽 (0)

𝑡+1−𝜽 (0)
𝑡+1∥2

2, which is smaller than its single-task counterpart ∥ˆ︁𝜽 (𝑠𝑡 )
𝑡+1 −𝜽 (0)

𝑡+1∥2
2.

The second gain comes from aggregating the data at the current stage.
Remark 3 (Similarity characterization with 𝑞 ∈ [0, 1)). In Theorem 4.2, we require 𝜹 (𝑘 )

𝑡 to
be approximately sparse (𝑞 = 1). For 𝑞 ∈ [0, 1), transferred Q-learning algorithms can be
analogously developed based on Algorithm 1 in the supplement of [23], which is a minimax
optimal approach for transfer learning in linear models for 𝑞 ∈ [0, 1).
Remark 4 (Limitations under transition shift). Our theoretical guarantees rely on stage-wise
reward similarity together with mild design similarity across tasks. If transition dynamics
differ substantially, thereby violating the covariance-similarity condition, or if the reward
discrepancies ℎ are large, the advantages of transfer learning may diminish or even disappear.
These extensions call for new estimation tools and theoretical analysis, but they provide a
principled roadmap for expanding our framework beyond the reward-similarity regime studied
here. A full development of these methods is beyond the scope of this paper and will be pursued
in future work.

4.1.2. Regret bound of offline-to-online transfer 𝑄-learning

In this subsection, we provide theoretical guarantees for the online Algorithm 2 with knowledge
transferred from offline data for 𝑀 = 2. Results for a finite 𝑀 can be derived similarly, with the
final outcomes differing only by a constant factor dependent on 𝑀 . In the online setting, the
learner aims to minimize the cumulative regret that measures the expected loss of following the
estimated optimal policy instead of the oracle optimal policy. Mathematically, the cumulative
regret over 𝑇 episodes is defined as

Regret𝑁𝑇 =
𝑁∑︂
𝑖=1

𝑇∑︂
𝑡=1

𝛾𝑡
(︂
𝔼[𝑟 (0)𝑡 ,𝑖 |𝒔 (0)𝑡 ,𝑖 , 𝑎∗𝑡 ,𝑖] − 𝔼[𝑟 (0)𝑡 ,𝑖 |𝒔 (0)𝑡 ,𝑖 ,ˆ︁𝑎 (0)𝑡 ,𝑖 ])︂ , (20)

where the estimated optimal policy is ˆ︁𝑎 (0)𝑡 ,𝑖 = arg max𝑎′ ∈{−1,1} 𝑄(𝒔 (0)𝑡 ,𝑖 , 𝑎′;ˆ︁𝜽 (0)
𝑡 ) and the oracle

optimal policy is 𝑎∗𝑡 ,𝑖 = arg max𝑎′ ∈{−1,1} 𝑄(𝒔 (0)𝑡 ,𝑖 , 𝑎′; 𝜽 (0)
𝑡 ). Under the linear 𝑄∗-function (16)

with 𝑀 = 2, they can be further simplified to

ˆ︁𝑎 (0)𝑡 ,𝑖 = 𝑠𝑔𝑛((𝒔 (0)𝑡 ,𝑖 )⊤ˆ︁𝝍𝑡 ), and 𝑎∗𝑡 ,𝑖 = 𝑠𝑔𝑛((𝒔 (0)𝑡 ,𝑖 )⊤𝝍𝑡 ),
where 𝑠𝑔𝑛(·) is the sign function. The regret bound of online learning with offline transfer is
given in Theorem 4.3.
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Theorem 4.3 (Cumulative regret of Algorithm 2 after 𝑇 rounds). Suppose that Assumptions
4.1 hold, (18) holds with 𝑞 = 1. and 𝑠

√︁
log 𝑝/𝑁src + ℎ ≤ 𝐶, 𝑛𝑒 ≳ 𝑠2ℎ2 log 𝑝 + log 𝑝. We take

tuning parameters to be

𝜆src =

√︃
log 𝑝
𝑁src

+
√︃
ℎ

𝑠

(︃
log 𝑝
𝑛𝑒

)︃1/4
and 𝜆0 =

√︃
log 𝑝
𝑛𝑒

.

For any 𝑁 > 𝑛𝑒,

Regret𝑁𝑇 ≲
𝑛𝑒𝛾

1 − 𝛾
+ (𝑁 − 𝑛𝑒)

(︄√︃
𝑠 log 𝑝
𝑁src

+ ℎ1/2
(︃
log 𝑝
𝑛𝑒

)︃1/4
)︄

(21)

with probability at least 1 − exp(−𝑐1 log 𝑝).
We now find the optimal choice of 𝑛𝑒, which minimizes the RHS of (21). To simplify the

analysis, we parameterize ℎ = 𝑁−𝛼
src for some 𝛼 ≥ 0. In the supplementary files [7], we show

that if we take

𝑛𝑒 ≍ max

{︄
𝑁4/5(log 𝑝)1/5

𝑁2𝛼/5
src

,
𝑠2 log 𝑝
𝑁2𝛼

src

}︄
,

then with probability at least 1 − exp(−𝑐1 log 𝑝)

Regret𝑁𝑇 ≲ max

{︄
𝑁4/5(log 𝑝)1/5

𝑁2𝛼/5
src

,
𝑠2 log 𝑝
𝑁2𝛼

src

}︄
+ 𝑁

√︃
𝑠 log 𝑝
𝑁src

. (22)

We see that the larger the 𝑁src, i.e., more source data, the smaller the cumulative regret; and
the larger the value of 𝛼, i.e., higher the similarity, the smaller the cumulative regret.
Remark 5 (Cumulative regret of single-task 𝑄-learning). Without offline data, we denote the
estimated optimal policy by ˆ︁𝑎 (𝑠𝑡 ) . It is easy to show that for 𝑛𝑒 ≫ (𝑠 log 𝑝)2, then with
probability at least 1 − exp(−𝑐1 log 𝑝),

Regret(𝑠𝑡 )𝑁𝑇 ≲
𝑛𝑒𝛾

1 − 𝛾
+ (𝑁 − 𝑛𝑒)

√︃
𝑠 log 𝑝
𝑛𝑒

. (23)

with probability at least 1−exp(−𝑐1 log 𝑝). If we take 𝑛𝑒 ≍ 𝑁2/3(𝑠 log 𝑝)1/3 ∨ (𝑠 log 𝑝)2, then

Regret(𝑠𝑡 )𝑁𝑇 ≲ 𝑁2/3(𝑠 log 𝑝)1/3 + (𝑠 log 𝑝)2, (24)

with probability at least 1 − exp(−𝑐1 log 𝑝).
Comparing (21) with (23), we see that the cumulative regret of transfer 𝑄-learning is

always smaller when ℎ = 𝑜(𝑠
√︁

log 𝑝/𝑛𝑒). Comparing (22) with (24), we see that as long
as 𝑁src > 𝑁1/(3𝛼) + 𝑁2/3, the regret of transfer learning policy is always no larger than the
single-task policy. This comparison further implies that if 𝑁 is very large, then the optimal
choice of 𝑛𝑒 can be larger than 𝑁src. In this case, transfer learning may not yield a significant
improvement and it suffices to consider single-task 𝑄-learning.

5. Numerical studies

In this section, we demonstrate the advantages of the proposed transferred Q-learning algo-
rithm on synthetic and real data sets. Code and implementation details for this section are
available online.
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5.1. Two-stage MDP with analytical optimal 𝑸∗ function

We first consider a simple MDP model which has an analytical form for the optimal 𝑄∗

function. In such a setting we can explicitly compare the estimated 𝑄∗ function with the
ground truth. The generative model is designed based on those in [5] and [32]. The underlying
model is a two-stage MDP with two possible actions 𝒜 = {−1, 1} and two states 𝒮 = {−1, 1}.
The binary states 𝑆𝑡 and the binary treatment 𝐴𝑡 are generated as follows:

Pr (𝑆1 = −1) = Pr (𝑆0 = 1) = 0.5,
Pr (𝐴𝑡 = −1) = Pr (𝐴𝑡 = 1) = 0.5, 𝑡 = 1, 2,
Pr (𝑆2 |𝑆1, 𝐴1) = 1 − Pr (𝑆2 |𝑆1, 𝐴1) = expit (𝑏1𝑆1 + 𝑏2𝐴1) ,

where expit (𝑥) = exp (𝑥) /(1 + exp (𝑥)). The immediate reward 𝑅1 = 0 and 𝑅2 is given by

𝑅2 = 𝜅1 + 𝜅2𝑆1 + 𝜅3𝐴1 + 𝜅4𝑆1𝐴1 + 𝜅5𝐴2 + 𝜅6𝑆2𝐴2 + 𝜅7𝐴1𝐴2 + 𝜀2,

where 𝜀2 ∼ 𝒩 (0, 1). Under this setting, the true 𝑄∗ functions for time 𝑡 = 1, 2 are

𝑄2 (𝑆2, 𝐴2; 𝜽2) = 𝜃2,1 + 𝜃2,2𝑆1 + 𝜃2,3𝐴1 + 𝜃2,4𝑆1𝐴1

+ 𝜃2,5𝐴2 + 𝜃2,6𝑆2𝐴2 + 𝜃2,7𝐴1𝐴2

𝑄1 (𝑆1, 𝐴1; 𝜽1) = 𝜃1,1 + 𝜃1,2𝑆1 + 𝜃1,3𝐴1 + 𝜃1,4𝑆1𝐴1,

(25)

where the true coefficients 𝜽 𝑡 are explicitly functions of 𝑏1, 𝑏2, 𝜅1, . . . , 𝜅7 given in (6) in the
supplemental material. At each state, the observed covariates 𝑋𝑡 ∈ ℝ𝑝, 𝑝 = 100, consist of
first eight elements 1, 𝑆1, 𝐴1, 𝑆1𝐴1, 𝐴2, 𝑆2, 𝑆2𝐴2, 𝐴1𝐴2 and the remaining elements that are
randomly sampled from standard normal.

We consider transfer between two different but similar MDPs from the above model.
The target and source MDPs are different in the coefficients 𝜅’s and therefore 𝜃’s in (25).
Specifically, we set 𝜃2, 𝑗 = 1, 1 ≤ 𝑗 ≤ 7 for the target MDP. The second-stage coefficients of
the source task are the same except that the second element 𝜃 (1)2,2 = 1.2. Therefore, according
to equation (6) in the supplemental material, the true coefficients of stage-one 𝑄∗ functions
are 𝜃1,1, 𝜃1,2, 𝜃1,3, 𝜃1,4 ≈ 2.69, 1.19, 1.69, 1.19 for the target MDP, and 𝜃 (1)1,1 , 𝜃

(1)
1,2 , 𝜃

(1)
1,3 , 𝜃

(1)
1,4 ≈

2.69, 1.39, 1.69, 1.19 for the source MDP. In summary, the true 𝑄1 functions of the target
and source MDPs are different only in 𝜃1,2 and the 𝑄2 functions are different only in 𝜃2,2.
The coefficients of the remaining elements in 𝑋𝑡 are all set to zero. We generate trajectories
of the form

(︁
𝒙1,𝑖, 𝑎1,𝑖, 𝑟1,𝑖, 𝒙2,𝑖, 𝑎2,𝑖, 𝑟2,𝑖

)︁
from both target and source MDPs. The target task

consists of 𝑛0 trajectories while the source task consists of 𝑛1 trajectories.
We compare

⃦⃦⃦ˆ︁𝜽 𝑡 − 𝜽 𝑡

⃦⃦⃦2

2
, 𝑡 = 1, 2, with or without transfer under combinations of 𝑛0

and 𝑛src = 𝑛1. The boxplots are shown in Figure 2. We also generate a new dataset and
compare predicted ˆ︁𝑄∗(𝒙, 𝑎) obtained by transferred 𝑄∗ learning and its vanilla counterpart.
The boxplots of

⃓⃓⃓ ˆ︁𝑄∗(𝒙, 𝑎) −𝑄∗(𝒙, 𝑎)
⃓⃓⃓
/|𝑄∗(𝒙, 𝑎) | (averaged over all state-action pairs in the

new dataset) are presented in Figure 3. It is clear that transfer 𝑄-learning performs much
better than the vanilla 𝑄-learning without transfer in terms of both coefficient estimation and
prediction. The advantage is more prominent in earlier stages since the transfer benefit in the
latter stage positively cascade to the earlier stages through the second term in (12).

Table 1 compares the frequency of correct optimal actions chosen by single-task𝑄-learning
and transfer 𝑄-learning with the new dataeset. We observe that transfer 𝑄-learning achieves
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Fig 2. Comparison of the estimated coefficients of the optimal 𝑄∗ function. The 𝑦-axis represents
⃦⃦⃦ˆ︁𝜽𝑡 − 𝜽𝑡

⃦⃦⃦2
2

for
𝑡 = 1 (left) and 𝑡 = 2 (right). The dimension is 𝑝 = 100 and sparsity 𝑠 = 7.

higher accuracy in choosing the optimal actions across all combinations of 𝑛0 and 𝑛1, which
are the number of trajectories of the target task and the source task, respectively. The amplitude
of accuracy increase is higher when 𝑛0 is small. This again shows the advantage of transfer
𝑄-learning, especially when the number of trajectories of the target task is small.

5.2. Offline-to-online transfer

In this section, we study the empirical performance of online transfer 𝑄-learning using an
offline source dataset. The generative MDP is the same as that defined in (25). We have access
to an offline source dataset of trajectories (𝑋1, 𝐴1, 𝑅1, 𝑋2, 𝐴2, 𝑅2) generated from an MDP
with 𝜃 (1)2 𝑗 = 𝜅 (1)𝑗 = 1, 1 ≤ 𝑗 ≤ 3, 5 ≤ 𝑗 ≤ 7 and 𝜃 (1)2 𝑗 = 𝜅 (1)𝑗 = 2, 𝑗 = 4. The online target RL
task is modeled by an MDP with 𝜃 (1)2 𝑗 = 𝜅 (1)𝑗 = 1, 1 ≤ 𝑗 ≤ 7. The dimension of covariates is
𝑝 = 100.

We first study the cumulative regret of transferred and vanilla 𝑄-learning with different
lengths of exploration, 𝑛𝑒 ∈ {1, 2, · · · , 20}. The size of the offline source dataset is 𝑛1 = 100.
At the exploration stage, 𝑛𝑒 trajectories are generated by random actions. The coefficientsˆ︁𝜽 𝑡 are estimated using 𝑄-learning with or without transfer. The average cumulative regret
at the exploitation stage versus different length of exploration are presented in Figure 4 (a).
The length of exploitation stage is 100. For each 𝑛𝑒, the mean of the cumulative regret at
exploitation stage is reported since the values of ˆ︁𝜽 (0)

𝑡 are not updated during exploitation
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Fig 3. Comparison of the prediction of the optimal 𝑄∗ function with different sample size configurations. The
𝑦-axis represents

⃓⃓⃓ ˆ︁𝑄∗ −𝑄∗
⃓⃓⃓
/|𝑄∗ |. The dimension is 𝑝 = 100 and sparsity 𝑠 = 7.

Table 1
The frequency of correct optimal actions. The comparison is between the optimal action 𝐴∗, (𝑠𝑡 ) chosen by
single-task 𝑄-learning and the optimal action 𝐴∗, (𝑡𝑙) chosen by transfer 𝑄-learning. We consider different

combinations of 𝑛0 = 30, 50, 70 and 𝑛1 = 𝑛0 + 10, · · · , 𝑛0 + 50, where 𝑛0 and 𝑛1 denote the number of
trajectories of the target task and the source task, respectively

𝑛0 𝐴∗, (𝑠𝑡 ) 𝐴∗, (𝑡𝑙) with different 𝑛1
𝑛0 + 10 𝑛0 + 20 𝑛0 + 30 𝑛0 + 40 𝑛0 + 50

30 0.555 0.965 0.985 0.990 0.970 0.985
50 0.860 0.990 0.995 1.000 1.000 1.000
70 0.905 1 1 1 1 1

stage. We observe that under the condition that ℎ ≪ 𝑠
√︁

log 𝑝/𝑛𝑒, the regret of transfer 𝑄-
learning is much smaller than that of vanilla 𝑄-learning, which is consistent with the result
in Theorem 4.3. Since Algorithm 2 is of the explore-then-commit (ETC) type, the advantage
of transferred 𝑄∗ learning shown in the left panel of Figure 4 can be viewed as the jumpstart
improvement—one of the three main objectives of transfer learning defined in [20] and [35].

We also empirically study the cumulative regret of online 𝑄-learning where the values
of ˆ︁𝜽 𝑡 , 𝑡 = 1, 2 are updated during the exploitation stage. This phase-based ETC online 𝑄-
learning algorithm is a natural extension of Algorithm 2 and it goes as follows. At the first
phase, vanilla 𝑄-learning initializes ˆ︁𝜽 𝑡 to zero, while transfer 𝑄-learning initializes with ˆ︁𝜽 𝑡
that are estimated using offline trajectories from the source task. Then at each phase, a batch
of 100 trajectories are generated using greedy actions based on estimated ˆ︁𝜽 𝑡 . Using the extra
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Fig 4. Cumulative regret of online𝑄-learning with or without transfer. Left panel: The explore-then-commit (ETC)
online 𝑄-learning; Right panel: phase-based ETC online 𝑄-learning with parameter updates.

generated trajectories at the current phase, the values ˆ︁𝜽 𝑡 are updated and will be used to
generate greedy actions for the next phase. The right panel of Figure 4 shows the mean of
cumulative regret as phases proceed online. It shows all three main advantages of transferred
learning, namely, jumpstart, learning speed, and asymptotic improvements [20, 35].

5.3. Medical data application: MIMIC-III sepsis cohort

In this section, we illustrate an application of the transfer 𝑄-learning in the Medical Informa-
tion Mart for Intensive Care version III (MIMIC-III) Database [16], which is a freely available
source of de-identified critical care data from 2001 – 2012 in six ICUs at a Boston teaching
hospital.

We consider a cohort of sepsis patients, following the same data processing procedure as
that in [8, 19]. Each patient in the cohort is characterized by a set of 47 variables, including
demographics, Elixhauser premorbid status, vital signs, and laboratory values. Patients’ data
were coded as multidimensional discrete time series 𝒙𝑖,𝑡 ∈ ℝ47 for 1 ≤ 𝑖 ≤ 𝑁 and 1 ≤
𝑡 ≤ 𝑇𝑖 with 4-hour time steps. The actions of interests are the total volume of intravenous
(IV) fluids and maximum dose of vasopressors administrated over each 4-hour period. We
discretize two actions into three levels (i.e., low, medium, and high), respectively. In our
setting, the low-level corresponds to level 1 - 2, the medium-level corresponds to level 3 and
the high-level corresponds to level 4 - 5 in [19]. The combination of the two drugs makes
𝑀 = 3 × 3 = 9 possible actions in total. The final processed dataset contains 20943 unique
adult ICU admissions, among which 11704 (55.88%) are female (0) and 9239 (44.11%) are
male (1).

The reward signal is important and is crafted carefully in real applications. For the final
reward, we follow [19] and use hospital mortality or 90-day mortality. Specifically, when a
patient survived after 90 days out of hospital, a positive reward was released at the end of
each patient’s trajectory; a negative reward was issued if the patient died in hospital or within
90 days out of hospital. In our dataset, the mortality rate is 24.21% for female and 22.71%
for male. For the intermediate rewards, we follow [29] and associates reward to the health
measurement of a patient. The detailed description of the data pre-processing is presented in
Section 5 of the supplemental material.
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Fig 5. Mortality rates across different horizon lengths.

The trajectory horizons are different in the dataset, with the maximum being 20 and
minimum being 1. We use 20 as the total length of horizon. The trajectories are aligned at the
last steps while allowing the starting steps vary. For examples, the trajectories with length 20
start at step 1 while the trajectories with length 10 start at step 11. But they all end at step 20.
We adopt this method because the distribution of final status are similar across trajectories.
Figure 5 presents the mortality rates of different lengths. We see that while the numbers of
trajectories differ a lot, the mortality rates do not vary much across trajectories with different
horizons. On the contrary, the starting status of patients may be very different. The one with
trajectory length 20 may be in a worse status and needs 10 steps to reach the status similar to
the starting status of the one with length 10. We believe this is a reasonable setup to illustrate
our method. A rigorous medical analysis is beyond the scope of this paper and is a worthwhile
topic for future research.

We consider transfer 𝑄-learning across genders. The analytical model for optimal 𝑄 (𝑘 )
𝑡

function for each step 𝑡 ∈ [20] is modeled by

𝑄 (𝑘 )
𝑡 (𝒙, 𝑎) ≈ 𝒙⊤

9∑︂
𝑎′=1

𝜽 (𝑘 )
𝑡 ,𝑎 1 (𝑎 = 𝑎′) , (26)

where the covariates 𝒙 contains 44 variables detailed in Table 1 in the supplements. Even
though the total number of trajectories of gender 0 is large, estimating (26) is still a high-
dimensional problem since we allow 𝜽 (𝑘 )

𝑡 ,𝑎 be different across step 𝑡, action 𝑎 and gender
subgroup 𝑘 = 0, 1 and the number of trajectories corresponding to a specific combination of
𝑡, 𝑎, and 𝑔 is small. For example, there are only 19 samples available to estimate 𝜽 (𝑘 )

𝑡 ,𝑎 for
gender 𝑘 = 1, step 𝑡 = 1, and action 𝑎 corresponding to the combination (IV,Vaso) = (0, 1).
Table 3 in the supplemental material shows that the least ten samples sizes are all under 30.
We observe that gender 𝑘 = 1 (male) has fewer samples so we consider transfer 𝑄-learning
with target task for gender 𝑘 = 1 and auxiliary source task from gender 𝑘 = 0.

The estimation procedure of transfer 𝑄-learning follows Algorithm 1. We set the discount
factor as 𝛾 = 0.98. We also estimate the 𝑄∗ function by the vanilla 𝑄-learning which is
the counterpart of Algorithm 1 without transfer. The Lasso tuning parameters are chosen
according to Theorem 4.2 and by a linear search for the value of 𝑐1 that maximizes the
objective function. We calculate the optimal aggregated values of transferred and Vanilla
𝑄-learning, denoted by 𝑉∗, (𝑡𝑙) and 𝑉∗, (𝑠𝑡 ) , respectively. Figure 6 plot the average of the ratio
𝑉∗, (𝑡𝑙)/𝑉∗, (𝑠𝑡 ) and its standard deviation. The mean ratio is above one, indicating that the
optimal value of transfer 𝑄-learning is larger.
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Fig 6. Ratio between optimal aggregated values𝑉∗ of transfer𝑄-learning (𝑉∗, (𝑡𝑙) ) and those of Vanilla𝑄-learning
(𝑉∗, (𝑠𝑡 ) ) applied on the target data. Shaded area covers one standard deviation from the mean. Inverse step is
20 − 𝑡 where 1 ≤ 𝑡 ≤ 20 is the natural step in a trajectory.

6. Conclusions

In this work, we envisage 𝑄-learning with knowledge transfer in the form of an algorithm
that exploits the availability of samples from different but similar RL tasks. The similarity
between target and source RL tasks is characterized by their corresponding reward functions
which can be checked directly in practice. We note that a salient feature of RL is its multi-
stage learning and, accordingly, we design a novel re-targeting step to enable “cross-stage
transfer” along multiple stages in an RL task, in addition to the usual “cross-task transfer” in
TL for supervised learning. For both offline and online RL tasks, our approach demonstrates
improvements over single-task 𝑄-learning, both theoretically and empirically.

The similarity definition among multi-stage RL tasks can be diverse and more flexible. For
instance, some related tasks may have different action spaces or different number of stages. It
is also important to study transfer learning for such situations. As the similarity level is always
unknown, it is likely that we include some source tasks which are far away from the target
task. As a future research direction, one can perform a model selection aggregation step and
aggregation in multi-stage models, especially the online setting, is largely an open problem
and requires further study.

Acknowledgments

The authors would like to thank the anonymous referees, an Associate Editor and the Editor
for their constructive comments that improved the quality of this paper.

Funding

Elynn Chen was supported by NSF Grant DMS-2412577.

Supplementary Material

Supplementary Material of “Transfer 𝑄-Learning for Finite-Horizon Markov Decision
Processes”



5310 E. Chen et al.
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ematical proofs for the main theoretical results, including the convergence rate and regret
bounds, together with additional lemmas and intermediate derivations. It also contains im-
plementation details and extended results from the numerical studies, such as full simulation
settings, additional tables, and figures. For the real-data application on the MIMIC-III sep-
sis cohort, the supplement describes the data preprocessing procedures, variable definitions,
reward construction, and cohort statistics. These materials ensure full reproducibility and
transparency of the theoretical and empirical findings reported in the main paper.
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