"#\ MOHAMED BIN ZAYED
g ] } *

LIBRARY

Advancements in Memory-Efficient and Variance-
Optimized Pairwise Learning, Extended to
Nonlinear Modeling and Spiking Neural Networks

Authors AlQuabeh, Hilal

Citation H. AlQuabe’h, "Advancements in Memory-Efficient and Variance-
Optimized Pairwise Learning, Extended to Nonlinear Modeling
and Spiking Neural Networks”, PhD Dissertation, Machine
Learning, MBZUAI, Abu Dhabi, UAE, 2024

Download date 2026-02-08 22:53:33

Link to Item https://hdl.handle.net/20.500.14634/554



https://hdl.handle.net/20.500.14634/554

Advancements in Memory-Efficient
and Variance-Optimized Pairwise
Learning, Extended to Nonlinear

Modeling and Spiking Neural
Networks

by

Hilal AlQuabeh

Literature of thesis submitted to the
Deanship of Graduate and Postdoctoral Studies
In partial fulfillment of the requirements
For the Ph.D. degree in
Machine Learning

Deprtement of Machine Learning
Mohamed bin Zayed University of Artificial Intelligence (MBZUAI)

©) Hilal AlQuabeh, Abu Dhabi, UAE, 2024



Examining Committee Membership

The following served on the Examining Committee for this thesis. The decision of the
Examining Committee is by majority vote.

Supervisor: Dr. Bin Gu
Assistant Professor, Department of Machine Learning
Mohamed bin Zayed University of Artificial Intelligence (MBZUATI)

External Examiner: Dr. Boyu Wang
Assistant Professor, Department of Computer Science
Western University

Internal Member: Dr. Karthik Nandakumar
Associate Professor, Department of Computer Vision
Mohamed bin Zayed University of Artificial Intelligence (MBZUATI)

Internal Member: Dr. Martin Takac
Associate Professor and Deputy Department Chair

Department of Machine Learning
Mohamed bin Zayed University of Artificial Intelligence (MBZUAI)

Internal Member: Dr. Zhigiang Xu
Assistant Professor, Department of Machine Learning
Mohamed bin Zayed University of Artificial Intelligence (MBZUATI)

i



Author’s Declaration

I hereby declare that I am the author of this thesis, with chapter 2 based on the paper
[6], chapter 3 derived from the paper [!], chapter 4 based on the submitted work titled
”Manifold Metric Learning with Spiking Neural Networks”, authored by Hilal AlQuabeh,
Velibor Bojkovic, Dilshod Azizov, and Bin Gu, and chapter 5 adapted from the paper [71].

I understand that my thesis may be made electronically available to the public.

il



Abstract

This thesis presents an exploration of online pairwise learning, extending the traditional
boundaries through innovative algorithms and the application of Spiking Neural Networks
(SNNs) for deep metric learning. The initial chapters introduce and refine advanced online
gradient descent (OGD) algorithms tailored for pairwise learning in non-i.i.d. environ-
ments, showing their scalability and efficiency in handling quadratic growth in computa-
tional complexity and extending their applicability to kernelized models. Our proposed
OGD methods, characterized by sub-linear regret and reduced complexity, demonstrate
marked superiority over existing kernel and linear models across various datasets.

Building upon these foundations, the exploration continues into the domain of deep
metric learning with SNNs, with attention into the robustness of rate encoding in SNNs,
a critical aspect that directly enhances pairwise learning strategies. By bridging the con-
ceptual gap between SNN robustness and pairwise learning, this work illuminates the
multifaceted interplay between encoding stability, metric learning effectiveness, and the
overarching robustness of learning systems.

In a complementary exploration, proposing a novel approach that takes advantage of
the temporal dynamics of binary encoding to achieve high-dimensional data representation
with low latency and superior accuracy. This methodology illustrates the potential of
temporal dimension utilization within the SNN framework for enhanced discriminative
capabilities in the metric space.

Overall, this thesis not only advances the state of the art in online pairwise learning and
deep metric learning with SNNs, but also opens new avenues for research by highlighting
the importance of robustness in rate encoding and its implications for pairwise learning
methodologies. Through a blend of theoretical innovation and empirical validation, we
showcase the synergy between these seemingly disparate domains, paving the way for more
resilient and accurate machine learning models in complex environments.
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Chapter 1

Introduction

1.1 Motivation

Pairwise objective paradigms are a very important and essential part of machine learning,

for example, differential network in face recognition [51, 81|, metric learning [56], bipar-
tite learning [99], multiple kernel learning [101], and maximization of the area under the
curve (AUC) [100], are examples of machine learning techniques that make use of pairwise

objective functions.

The most difficult aspect of pairwise learning is its scalability, since the sample size
expands quadratically with the number of samples, in contrast to pointwise learning. In
offline batch training, researchers have proposed classic pair (or double) stochastic gradient
descent algorithms (e.g., PSGD [77]) that at every iteration samples one or more pairs of
examples, and update the model based on the stochastic gradient of these losses only.
Additional alternatives to SGD include stagewise training [33], where the sample size is
gradually extended so that the total number of iterations sufficient to have a statistically
optimal solution is minimized at every stage. The generalization of SGD like algorithms is
well studied in the literature (e.g., see [1]).

On the other hand, in many cases, online learning is favored since it enables researchers
to avoid the challenges of scalability and data availability, in addition to the disadvantages
of offline learning. However, in an online setting, the requirement to match the received
example with all previous examples poses a challenge in terms of memory and computa-
tional complexity. In AUC maximization, for instance, employing sampling techniques like
"reservoir sampling” helps circumvent the complexity associated with maintaining online
previous pairs. Similarly, an analogous formulation of the AUC convex square loss has been
developed, addressing it through the saddle point problem and subsequently minimizing
it using stochastic gradient descent [100, 97]. Moreover, it has been shown that utilizing
the statistical average and covariance of the data to update the gradient in O(T'd?) [30] is
impractical for high-dimensional data in the context of online learning.

Further exploration is needed for general pairwise learning, particularly in the realm of
nonlinear online pairwise learning, which has received relatively little research attention.



1.2 Background

1.2.1 Offline Pairwise Learning

In general, a pairwise function is sought f : X? — Y where X C R? is the feature
space and ) C R is the label space. Furthermore, we suppose that f is a member of
the reproducing kernel Hilbert space (RKHS) denoted by H. Let the set of data pairs be
defined as {z; = (x;,y;) € Z2:=X x Y|i = 1,...,T} where T is the number of examples.
If there exist an algorithm that is capable of learning from pairs, then the performance of
the algorithm can be evaluated using a pairwise loss £ : H x Z% — R, that estimates the
true expected risk (error) of any function, assuming that the data come from an unknown
distribution p in Z, as follow,

E(f) = / / 0,2, 2)dp(2)dp(). (L1)

Since the pairs are constructed by intersections of examples, they could not be i.i.d. and
uniform convergence analysis do not apply. Similarly, the empirical risk is used to approx-
imate the true risk, with added regularization as follows:

Er(f) = ﬁ SOS U 2 7). (1.2)

i jF

1.2.2 Online Convex Optimization

In offline learning, algorithms process training samples collectively, aiming to generate
a hypothesis that minimizes the expected error on a static dataset. Conversely, online
learning tackles evolving data by sequentially exploiting large datasets without relying on
probabilistic assumptions. The objective shifts from minimizing error to competing against
the best agent and minimizing regret.

The evolution of online learning traces back to pivotal developments. From the concept
of learning from expert advice to advancements like the Weighted Majority Algorithm
and Follow the Regularized Leader, the field witnessed a gradual expansion. However,
the seminal development came with online convex optimization (OCO), which introduced
a framework where learners sequentially make decisions within a convex decision space,
adapting to evolving data streams. This paradigm shift aimed to minimize cumulative
loss over time, achieving low regret compared to the best fixed decision in hindsight. In
the following, we define first-order conditions such as convexity, Lipschitz continuity, and
smoothness, then we define the online learning protocol for pairwise losses.

Definition 1 (Convexity) A function {: RY — R is said to be convex if, for all z,y € R?
and X € [0, 1], it satisfies the inequality:

Az + (1= Ny) < M(z)+ (1= N)(y), (1.3)



furthermore, if € is continuously differentiable, then it is convex if and only if it’s lower
bounded by a linear hyperplane, i.e., for all x,y € R, we have {(y) > {(z)+Vl(z)T (y—z).

Convexity ensures that the optimization problem has a single global minimum, making it
easier to find the optimal solution. It also guarantees that any local minimum found is
also a global minimum, simplifying the optimization process.

Definition 2 (Lipschitz Continuity) Let ¢ : R? — R be a function. { is said to be
Lipschitz continuous with Lipschitz constant G if there exists a constant G > 0 such that
for all z,y € RY, the following inequality holds:

|£(z) = L(y)| < Gllz —yll, (1.4)
where || - || denotes the Euclidean norm.
Lipschitz continuity bounds the rate of change of the function, which helps in designing effi-
cient optimization algorithms. By restricting how fast the function can change, it provides

stability and convergence guarantees for iterative optimization methods, such as gradient
descent.

Definition 3 (M-Smoothness) Let { : RY — R be a continuously differentiable func-
tion. { is said to be M-smooth if its gradient V{(x) is Lipschitz continuous with Lipschitz
constant M, i.e., there exists a constant M > 0 such that for all x,y € R?, the following
inequality holds:

IVE(z) = V)|l < Mz —yl], (1.5)

where || - || denotes the Euclidean norm.

Smoothness, characterized by bounded gradients, further enhances optimization efficiency.
It allows for faster convergence rates of iterative algorithms, as the gradients provide reliable
information about the direction of steepest descent.

Definition 4 The pairwise Online Convexr Optimization Protocol perform the following at
each time stept =1,2,...,T":

1. Choose a decision f; from a convex decision set A.
2. Simultaneously, an adversary (or environment) selects an example z; € Z.
3. Suffer a loss Zf;} U fe, 2, z1) where ly : Z% — Ry is a conver function.
4. Observe z;.
The goal of online learning is to minimize the discrepancy between its cumulative loss and

the loss incurred by the best decision (expert) in the set A. In essence, OCO aims to
achieve sublinear regret.



Definition 5 The regret of an online algorithm is defined as the difference between the
cumulative loss over T steps and the loss obtained by the best decision:

T

T
Rr = Zg(ft, ) — }2£Z€<f» zt).- (1.6)

t=1

This regret quantifies how much worse off the online algorithm performs compared to the
best decision in hindsight, capturing the effectiveness of the algorithm in minimizing loss
over time.

1.2.3 Online Gradient Descent

Gradient descent is a very popular approach for a convex and differentiable loss function
(e.g., the empirical error minimization ERM). However, in the case of pairwise, the need
to compute the gradient of all pairs is very expensive with time complexity O(7?). On
the other hand, online gradient descent in which the algorithm has only sequential access
to the data can offer significant savings in terms of computational complexity (in addition
to other benefits of online learning). In online gradient descent with pairwise losses, and
after receiving an example z;, where t is the time step, a local error is computed on the
new data point paired with all preceding t — 1 examples and gradient step with step size
of n;, is performed as follows:

=
fe < fio1 — m Z VU fi-1, 2, 2i) -

N J/
-~

Li(fe—1)

Although the online gradient descent has time complexity O(T?), it is still not practical
for large-scale problems. Consequently, a natural way is to have a buffer of size s <t — 1
in which only a subset of the received examples are kept, consequently reducing the time
and memory complexities to O(T's), and O(s), respectively. The generalization error of

the latter approach is studied in the literature (see, e.g., [100] and[52]) and proven to be
O(1 + 1), i.e. the generalization error is only optimal (e.g., O(1/V/T)) for buffer with at

least s = O(logT').

Recently the work in [94] stated a significant improvement where the author proposed an
online pairwise algorithm with optimal generalization with s = 1. However, the framework
considers only the linear space, and more importantly, the convergence analysis is applied
on an offline algorithm which upon sampling a new data point from i.i.d. examples, pairs
it with the previous sampled example, leaving zero randomness in the buffer. However,
the online algorithm regret minimization for a general non-i.i.d. setting is not provided
explicitly.

Other work considers the non-linearity of real-world data (e.g. see [13]). The burden
of kernel machine in pointwise learning is the need to keep the O(T?) Gramm matrix,
and further extra O(T') computations every iteration in training or inference. This extra

4



cost is significantly greater when pairwise learning is included. Alternatively, researchers
approximated the Gramm matrix using a matrix of low rank [22].

However, in online setting where the data are not available beforehand, the Nystrom
low-rank approximation is not possible without the need to dynamically update the sup-
port vectors. The update procedure adds to the algorithm’s complexity; instead, a direct
random Fourier feature approximation of the kernel function can be used to reduce the
complexity of the kennel machine [76]. The minimal number of random Fourier features
required for a successful approximation is unclear; nevertheless, in point-wise situations,
[68] has resulted the necessity to have O(T), which means the same complexity as the
original kernel machine. However, under extra regularity constraints on the kernel used,
the number of random features is reduced to O(log(7)?) in [7]. Furthermore, recently in
[64] the number of random samples was found to be O(v/T log(T)) with an importance
sampling function. In spite of this, for the pairwise kernel, random Fourier characteristics
require additional analysis. In the following chapter, the reader will be taken on an in-
depth exploration of the literature approaches to handle the pairwise difficulties that were
described earlier.

1.3 Online Pairwise Learning with Kernels

Assume that the kernel associated with H is assumed to be Mercer, i.e. continuous and
positive definite function k : X2 x X? — R* (the shorthand k(xx)(+) := k((x,x), (+,-)) will
be used throughout this thesis). Accordingly, the space H satisfies the following two prop-
erties: (i) Reporducding property, i.e., (kxx), 9) = g(x,x’) for any x,x" € X% and Vg € H.
(ii) The space has all linear combinations of the functions mapping {kux)|(x,x') € X%}
and their completion topology. Pairwise kernels can be constructed by conventional ker-
nels, i.e., given any uni-variate kernel G, then for any x;, x5, X, x, € X one pairwise kernel
is defined as follows:

k(x1,x%2,%],X5) = G(x1,X]) + G(x2,%5) (1.7)
— G(x1,%xy) — G(x2, X)) = (Gyy, — Gay, Gor — Gy

It is clear that the pairwise kernel k defined above is positive semi-definite on X? x X2,
and therefore it’s Mercel kernel on X x X if G does on X (e.g., see [98]). The kernel
approach enables the model to learn the non-linearity of the data without the requirement
to actually lift the data to the RKHS H. However, the complexity of the kernel that
is added during training and predictions is not trivial. For example, the complexity of
the kernel in an online setting with 7' instances is O(T?s) where s is the buffer size.
The kernel function approximation by lower dimensional mapping and the kernel matrix
(Gram matrix) approximation by budget maintenance are the two primary methods by
which researchers reduce the complexity of kernel machines. In the first approach, a lower
dimensional mapping is introduced, i.e., z : R? — RP for special kernel (Mercer) that is
capable of approximating the kernel function directly, where d is the input dimension and
D is the new space; note that D << d?, i.e.,

Gu(-) m 2(x)"2(:). (1.8)



In this sense, the model f : X x X — ) can be rewritten using the Representer theorem
as follows:

T T
f)\()_ca }A() = Z al,jk(xz,x])@_(?f() = Z ai,j<Gzi - Ga:j7Gi - G§3>G
i=1,j7#i i=1,j#i
T
= > aila(x) — 2(x)), 2(%) — 2(%)) = (w, 2(%) — 2(%)),  (1.9)
i=1,j#i
with w = [2(x1) — 2(X2),...,2(x7) — 2(xr_1)]ar € H := RP is the model to learn,
and ar := [ai1,...,arp-1] are the coefficients of the Representer theorem. The quality
of the approximation of the pointwise kernel G by random Fourier features is studied in
the literature (see [76],[7],[04]), however, the approximation of the pairwise kernel k needs

further analysis.

The kernel function G is assumed shift invariant and positive definite, thus using
Bochner’s theorem the kernel can be represented by the inverse Fourier transform of a
non-negative measure p(u) as follows:

G(x, %) = G(x — X) = / p()e” ) gy (1.10)

where ¢ = y/—1. For example, if the kernel is the Gaussian kernel, i.e., G(x — %) =

\/217d exp —(x — x')T'[diag(o)](x — x'), we have p(u) from the Fourier transform:

p(u) oc N (0, diag (o)), (1.11)

where ¢ € R? is the kernel width. Thus, the kernel G can be given by a Monte Carlo
estimate as follows:

D/2
5 2
G(x,x) = 5 ; cos(uj (x — X)) = (2(x), 2(x')), (1.12)
Where u; ~ N(0,diag(o)), and z(x) = \/;—m[cos(uiTx),sin(uiT,x)]f):/f. The quality of
the estimation is given by [76] to depend on the number of random features D used to
approximate the Fourier transform. Claim 1 [70] provides the bound of the approximation

using random Fourier features, i.e. given x,2’ € X, and kernel G defined in X x X', we
have the following bound on the error of the approximation G using D random Fourier
features,

. —De?
P (|g(x, x) - G(x,x)| > e) < 2exp ( 26 ) . (1.13)
In pairwise learning, the research on online large-scale kernel machine is very limited. A
recent study by [18] considers the maximization of AUC in the Hilbert space but in an
offline setting. The research by [6%] considered online kernel learning with random Fourier

feature approximation, however, convergence requires O(7’) random features.
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To overcome these limitations, we target large-scale pairwise learning in an online set-
ting and nonlinear models. The nonlinear models are assumed to be lifted to Hilbert space
in which the data are linearly separable. The kernel associated with the Hilbert space is
assumed to be Mercer, and thus random Fourier features can be implemented to approxi-
mate it. The pairwise loss is computed using one pair that is random, and being updated
every iteration by the online stream and 1-point buffer, i.e., the memory is limited to unity.

Although online gradient descent has a time complexity O(7?) [10, 52, 28], it is still not
practical for large-scale problems. As a pairwise example, consider an AUC maximization
framework where we receive a data point x;,y; = 1 at any t, then we pair the point with
all previous {xy,yy = —1|1 <t < t—1} to find the true loss. However, the main challenge
of this approach is the need to calculate the gradients V L,(f;_1) for all training examples
received, which increase linearly in t.

1.4 Online Pairwise Learning with Spiking Neural Net-
works

Spiking Neural Networks (SNNs) represent the third generation of neural network models,
distinguishing themselves by mimicking the way biological neural networks operate more
closely than their predecessors. Unlike traditional artificial neural networks that process
information using continuous values, SNNs incorporate the concept of time into their op-
erating model [29]. Neurons in an SNN communicate by sending discrete events or spikes
only when a specific membrane potential is reached, a process that is more akin to the bio-
logical phenomena observed in the human brain. This fundamental difference allows SNNs
to potentially consume less power and process information more efficiently, which makes
them particularly appealing for neuromorphic computing and energy-efficient hardware
implementations [54].

Recent advances in the field of SNNs have been driven by improvements in both the
theoretical understanding of their dynamics and the practical applications of this knowl-
edge. From a theoretical point of view, significant progress has been made in learning
algorithms for SNNs, including spike-timing-dependent plasticity (STDP) and backprop-
agation methods adapted for event-based learning. These advances have improved the
efficiency and accuracy of the training of SNN models, allowing them to tackle more com-
plex tasks. On the practical side, the development of specialized neuromorphic hardware,
such as IBM’s TrueNorth and Intel’s Loihi, has provided a physical platform for imple-
menting SNNs more efficiently. These technologies aim to replicate neural processing more
directly, offering pathways to significant reductions in power consumption and increases in
computational speed for certain tasks.

Moreover, SNNs have seen increased application in areas where temporal dynamic pro-
cessing is crucial, such as real-time decision-making systems, autonomous robotics, and
dynamic pattern recognition. The ability of SNNs to handle spatio-temporal data makes
them uniquely suited for these domains. As research continues, the integration of SNNs



with advanced materials science, quantum computing, and sophisticated learning algo-
rithms promises to unlock new computational paradigms [51]. These advances not only
pave the way for more powerful and efficient computing architectures but also deepen our
understanding of the neural mechanisms underlying human cognition.

1.4.1 Backpropagation in Spiking Neural Networks

Backpropagation through a Leaky Integrate-and-Fire (LIF) neuron, and the broader con-
cept of Backpropagation Through Time (BPTT) for SNNs [13], involve adapting traditional
neural network training techniques to the temporal dynamics and binary output nature of
SNNs. Let us break down these concepts for a clearer understanding.

The LIF neuron is a simplified model of a biological neuron that integrates incoming
signals until a threshold is reached, at which point it fires (sends a spike) and then resets
its state. The leaky part refers to the gradual decay of the neuron’s accumulated potential
over time, mimicking the loss of membrane potential in a biological neuron. The LIF
neuron model can be described by the following differential equation:

dez—iﬂ — V(1) + RI(). (1.14)

where V() is the membrane potential at time ¢, 7, is the membrane time constant, R is
the membrane resistance, and I(¢) is the input current.

Backpropagation through a LIF neuron involves calculating gradients of the loss func-
tion with respect to the parameters of the neuron (e.g., weights) despite the non-differentiable
spiking mechanism. To enable gradient-based optimization, surrogate gradient methods are
often employed [16]. These methods approximate the gradient of the spike function (which
is ideally a Dirac delta function or a step function) with a continuous and differentiable
function.

BPTT is a method used to train recurrent neural networks (RNNs) and is adapted
for SNNs to handle their temporal dynamics [9]. Since SNNs process inputs and generate
outputs over time, it is necessary to consider the entire sequence of inputs, internal states,
and outputs when computing gradients. BPTT unfolds the network in time, treating each
time step as a separate layer in a deep network, and then applies the backpropagation
algorithm to compute gradients across these time-unfolded layers.

When applying BPTT to SNNs with LIF neurons, the key steps involve:

e Forward Pass: For each time step, the membrane potential and output spikes of
the LIF neurons are computed based on the current inputs and the state from the
previous time step.

e Loss Calculation: the loss function is computed based on the desired output and
the actual spikes generated by the network over the sequence.



e Backward Pass with Surrogate Gradients: surrogate gradients are used to
approximate the gradient of the spiking mechanism and backpropagate the error
through the unfolded network to compute gradients with respect to the weights at
each time step.

e Weight Update: Aggregated gradients across time steps update weights using a
gradient descent algorithm.

This process enables the training of SNNs; including those with LIF neurons, using
temporal sequences of data and leveraging the network’s dynamics for tasks that require
processing time-varying inputs. The use of surrogate gradients is a key innovation that
allows the integration of spiking mechanisms with the backpropagation algorithm, making
it feasible to train SNNs with gradient-based optimization methods [74].

1.4.2 Robustness in Neural Networks

Robustness in neural networks refers to the ability of a model to maintain its performance
and provide reliable predictions in the face of input data variations, adversarial examples,
or when operating in environments different from those in which it was trained. The
concept of robustness is paramount in the deployment of neural networks in real-world
applications, where data can be noisy, incomplete, or intentionally perturbed to deceive
the model. As neural networks have become more prevalent in critical decision-making
areas such as autonomous driving, medical diagnosis, and financial services, the robustness
of these models has become a focal point of research and development.

The primary challenges to robustness in neural networks stem from their inherent sen-
sitivity to changes in input data. Small and often imperceptible alterations in the input
data can lead to drastically different predictions. This sensitivity is exploited in adversarial
attacks, where carefully crafted perturbations cause the model to err. Furthermore, models
may exhibit poor generalization to new data distributions, leading to performance degra-
dation in unseen environments. Recent advances in enhancing the robustness of neural
networks have focused on several key areas:

e Adversarial Training: Incorporating adversarial examples into the training process
to improve the model’s resilience against such attacks. This method aims to expose
the network to a wide variety of perturbations during training, thereby reducing the
sensitivity to small input changes.

e Certifiable Robustness: Developing methods that provide theoretical guarantees
on the robustness of the model. Techniques such as robust optimization and inter-
val bound propagation have been explored to ensure that predictions remain stable
within certain perturbation bounds.

e Regularization Techniques: Applying regularization methods that encourage the
model to learn more generalizable and stable features, which are less likely to be



affected by noise or adversarial manipulations. Techniques such as dropout, weight
decay, and batch normalization contribute to this goal by preventing overfitting the
training data.

¢ Robust Architecture Design: Designing neural network architectures that are
inherently more robust to input variations. Research in this area includes exploring
different network topologies, activation functions, and layer designs that enhance
model stability.

1.4.3 Randomized Smoothing

Randomized smoothing, a technique that constructs a smoothed classifier from a base
model using noise injection, offers a promising approach to defending against adversarial
attacks. The core of randomized smoothing involves creating a smoothed classifier f from
a base classifier f and a noise distribution /. Given an input z, the smoothed classifier’s
prediction is determined by:

~

flz) = argmélXIP’(f(X—l— d)=c), &~N(0,), (1.15)

where 0 represents the noise sampled from a Gaussian distribution with standard deviation
.

A significant contribution of Cohen [15] is the establishment of a theoretical robustness
guarantee, which asserts that for any input x, if f classifies x as class ¢ with high probability,
then f will classify all points within a radius r of x as ¢, where r depends on ¢ and the
confidence level.

1.5 Related Work

Pairwise objective paradigms are a fundamental and crucial component of machine learn-
ing. Maximization of the AUC metric, for example, was initially introduced in [37] and
evaluates the probability of obtaining a higher weight on the positive label. In other words,
given a space X x ) with unknown distribution P, a function f that predicts the labels of
random positive and negative samples have an AUC score as follows:

AUC(f) = Pr(f(x) > f(X)ly =1y = —1) = Elljx>re)ly = 1,y = —1],  (1.16)
where the expectation is w.r.t. the distribution P.

Metric learning, which aims to learn a distance function, is another example of a method
that uses pairwise loss. The distance function f : X? — R measures the similarity between
two points and learning is improved by minimizing the surrogate loss defined as:

0f, (x,9), (x59) = (L4+r(y, ¢) f(x,X) 4, (1.17)

where r(y,y') = 1 if y =3/ and r(y,y’) = —1 otherwise.
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The first order method is a fairly common strategy for solving problems involving convex
and differentiable loss functions (e.g., gradient descent) [30]. However, when considering
pairwise losses, the requirement to compute the gradient of all possible pairs requires a
significant amount of time with a gradient complexity of O(T?). In the published literature,
researchers are trying to address this challenge in both online and offline settings. Whereas
in an offline setting the algorithm has access to the entire training data, in an online setting
the algorithm only has access to the data in a sequential manner. In the next part, the
state-of-the-art in online pairwise learning using a buffer is examined, followed by offline
pairwise learning.

The gradient descent is a very popular approach for a convex and differentiable loss
function, but in the case of pairwise, the need to have a gradient of all pairs is very
expensive with time complexity O(T®). The online gradient descent, on the other hand,
has sequential access to the data, and thus upon receiving one data point z;, with ¢ referring
to time step, the local error is constructed by pairing the current data point with all t — 1
points as follows:

Et(ft—l) = ﬁ Zf(ft—h 2ty Zi)-

Although the online gradient descent has time complexity O(T?), it is still not practical for
large-scale problems. Thus, a natural way is to have a buffer of size s < ¢t —1 in which only
a subset of the received examples are kept, and consequently this increases the complexity
of time O(T's). For example, the work in [100] is considered the first online algorithm for
AUC maximization, which considers the class of linear models, i.e. H = R? And the
pairwise surrogate objective of the AUC metric is redefined with f parameterized by w as
follows:

T, T_

AUC(w) = %/\||WH§+ZZ(1 —wl(x! —x7)), (1.18)

i=1 j=1

where T’y + T are the number of positive and negative examples respectively, and A is
a non negative regularization parameter. To make the problem efficient for the online
algorithm, the objective function is rewritten as follows:

T
1
SIwlE+ 03 £iw), (1.19)
t=1
where,
Et(W) = ]Iytzlhz_(w) + ]Iytzflht_ (W),
and
t—1
h (w) = Z]Iyt:_lf(w, X — Xy ),
t'=1
t—1
ht(w) =) T l(w, Xy — Xy).
t'=1
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In other words, at any given time t if algorithm receives a data point x;,y, = 1, then it’s
paired with all previous {zy,yy = —1|1 <t <t — 1} to find the true loss by the current
w. This enables the author to maintain two buffers, B, and B_, of sizes N, and N_,
respectively, and only the buffer items are paired with the current data.

Under the constraint of a finite buffer size, Reservoir Sampling is used to update the
buffer to maintain a uniform sample of the original dataset. Finally, it is shown that
the regret is sublinear, albeit under the assumption that the buffer data and the model
are independent at each iteration step. According to the study by Kar et al. [52], which
demonstrated that the model and the data in the buffer can be dependent, this assumption
is considered incorrect. Note that the regret bound in Theorem 2 [100] depends on the
size of the buffers, but increasing the size of the buffers does not have an effect on regret;
however, the work in [52] shows that the buffer size has a significant effect on the regret

bound.

In 2013 Gao [28] reformulated the aforementioned AUC objective, but using the square
loss function to have the followings:
Ay o e # il (1= gew” (5 — x4))*
L= Slwi + &=l - . (1.20)
2 2{i € [t = Ylyiye = —1}|
Exploring the gradient of the squared loss function, which demonstrates that the covari-
ance and mean of the data are sufficient statistics for the streamed data, eliminates the
requirement to access all of the data streamed. Obviously, this method cannot be used
for high-dimensional data, since the covariance has a space complexity of O(d?). Although
the approach given by [28] maintains a sublinear regret without requiring the storage of
historical data, the restriction of the squared loss function and regularization of Iy, as well
as the limited dimension of its input data, are its main drawbacks.

In 2016 Ying et al. [97] have constructed a similar formulation of the AUC convex
square loss by making use of the saddle point problem and have reduced it by stochastic
gradient descent along the primal variables and stochastic gradient ascent along the dual
variables. Although the approach is rather effective, it is only applicable to linear AUC
models with square loss. Followed by that [77] which replaced the dual variables solution
to be determined by closed-form version, and added non-smooth regularization.

Kar et al. [52] modified the sampling technique instead of reservoir sampling (RS) to
modified reservoir sampling (RSx). In particular, instead of a random Bernoulli process
with probability s/t to replace one random sample of the buffer with the received data
point, RSx performs Bernoulli processes s with probability 1/t to replace every buffer
point with the received data point as illustrated in figure 1.1. This sampling technique
guarantees that the s data points are i.i.d. samples of the preceding stream and, at the
same time, independent of w.

However, for buffer loss, [72] showed that at every step, the buffer loss have a uniform
convergence to true loss (all-pairs) using Rademacher complexity, i.e. : All-pairs loss <
buffer loss +¢ with probability at least 1 — ¢, which is then trnaslated to derive the regret

T
bound of any online algorithm with buffer loss using RSx sampling as O ( longT +T ) )

Here, the regret is sublinear only for buffer sizes s > log(T).
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Figure 1.1: Bernoulli Sampling Strategy: Replace each example with probability p = %,
where t is the time step.

3 (2 )
» ['\1/ 2)(3) >/ } @'

Figure 1.2: FIFO (First-In-First-Out): Updates the buffer by replacing the oldest example
with the new one.

Recently [94] claimed that with a buffer of size s = 1 i.e., the last received sample as
illustrated in figure 1.2, the generalization bound can be optimal. The proof of the claim,
using algorithm stability, depends on the assumption that the data received are 7.:.d. and
that at any iteration ¢ we have w;_» and the data in the buffer are independent. Whereas
the latter assumption is acceptable, the former assumption is uncommon in online settings,
and thus deactivates the second assumption. The buffer plays a critical role in the learning
process.

If the euclidean space induced by the inner product I is the model space H, then these
models are denoted as linear pairwise models. For example, in the AUC maximization
paradigm, since the formulation in (1.16) is neither convex nor differentiable, researchers
have approximated the AUC with surrogate convex functions, such as square function and
hinge loss.

T
1
AUC(w) = D e m— Z C(fw(xi,%5), vi, Yy = 1,y = —1] + Q(w), (1.21)
i\j#i

where f,(x,x') = w’(x; — x;), w € R? is the model to be learned, Q(w) is possibly non-
smooth but convex regularization, and n™, n~ are the number of positive and negative ex-
amples respectively. Pairwise Stochastic Gradient Descent (PSGD) is a powerful paradigm
for machine learning due to its low-cost complexity, flexibility of use, and performance in
offline settings with differentiable loss [60]. The fact that the pairwise problem requires
O(T?) instances for the T training data gives PSGD the ability to achieve size-independent
complexity, where PSGD iteratively updates the model based on stochastic gradients com-
puted on one or a small number of randomly drawn training samples. Nonetheless, the
most important problem with any PSGD based algorithm is determining how to anticipate
the performance on unseen data, which can be characterized by the generalization error
bound. In the literature, the generalization bound of PSGD algorithms is bounded using
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two approaches, namely; the uniform convergence [59], and the algorithm stability [93]
[61], where the optimal generalization bound O(1/7) is proved for strongly convex loss,
with gradient computations O(T"). In study by [33], stage-by-stage PSGD is examined,
where the training set is increased at each level and the solutions from previous stages are
by-based on the next stage as the initial solution.

1.6 Outline of Thesis

Each chapter introduces specific methodologies, theoretical insights, and applications, con-
tributing to the overarching narrative of improving the online pairwise learning with ker-
nelized models, and SNNs in complex learning tasks:

e Chapter 2: Variance Reduced Online Gradient Descent for Kernelized Pairwise Learn-
ing with Limited Memory: Chapter 2 delves into variance reduction techniques for
OGD with buffer in pairwise learning. The chapter presents a comprehensive study
of variance reduction strategies tailored to the OGD framework, illustrating how
these methods can significantly improve the performance of pairwise learning tasks.
Moreover, the chapter also discusses the idea of Random Fourier features to kernelize
the model in online pairwise learning.

e Chapter 3: Limited Memory Online Gradient Descent for Kernelized Pairwise Learn-
ing with Dynamic Averaging: This chapter explores the possibility of having constant
buffer OGD algorithm in pairwise learning. The discussion extends to the theoretical
requiremnt of buffer based-OGD in a non — i.i.d. setting, offering insights into its
convergence properties and practical considerations for implementation.

e Chapter 4: Manifold Metric Learning with Spiking Neural Networks: This section
introduces the concept of metric learning and its relevance to SNNs, detailing how
the distinctive temporal dynamics and binary output nature of SNNs can be leveraged
for effective metric learning. Through this exploration, the aim of this chapter is to
showcase the potential of SNNs to advance the frontiers of metric learning, offering
novel insights and directions for future research.

e Chapter 5:Provable Robust Spiking Neural Networks for Online Metric Learning:
This chapter shifts the focus to the robustness aspects of SNNs, a critical evalua-
tion metric for assessing the resilience of neural networks against adversarial attacks
and perturbations. The discussion encompasses both theoretical frameworks and
practical approaches to improving the robustness of SNNs, highlighting their unique
advantages and challenges in maintaining integrity under adversarial conditions.

Together, these chapters present a coherent narrative on advancements in online pair-
wise learning, optimization strategies, and the application of SNNs in robust and metric-
based learning frameworks. Discussions blend theoretical contributions with practical in-
sights, paving the way for future explorations and innovations in the field.
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1.7 Notations

This section provides an overview of the notations employed throughout this thesis, except
where explicitly indicated otherwise.

e SNN: Spiking Neural Network.

e ANN: Artificial Neural Network.

e x, W: Vectors.

e || - ||[%: Norm in a Hilbert space.

e AUC: Area Under the Receiver Operating Characteristic Curve.
e Pr: Probability.

e X: Input space.

e V. Label space.

e &: Risk or generalization error.

e (): Regularization function.

e k. G: Kernels functions.

e N: Normal distribution.

e O(): Big O notation to describe the upper bound of algorithms complexity.
e VL or Vf: Gradient of the loss function or any function, respectively.
e 7: Time constant.

e V[t] or u[t]: Membrane potential at time ¢.

e [[t]: Input at time t.

e R: Membrane resistance.

e o: Width of a kernel or distribution.

e B,;: Buffer at time t.

e (: Lipschitz constant.

e M: Smoothness constant.

e V2f: Second derivative (Hessian) of function f.

R: Regret.
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e or 9: Radius.

n, v: Step sizes.

I': Trace of the covariance matrix.

g(t): Convexity gap in time t.

D: Number of random features.

AOGD: Average Online Gradient Descent.
SP-Net: SPAM Elastic Net algorithm.
OGD: Online Gradient Descent.

S. Kernel: Sparse Kernel algorithm.
Proj.4++: Projection++ algorithm.
V.R.: Variance Reduction.

i.i.d.: Independent and Identically Distributed.
V: Variance.

x: Number of clusters.

C;: Cluster i.

E: Expected value.

h, f: Models or functions.

sgn: Sign function.

0: Model weights.

®: Standard distribution.

I: Indicator function.

FGSM: Fast Gradient Sign Method.
PGD: Projected Gradient Descent.

GN: Gaussian Noise.

BPTT: Backpropagation Through Time.
BPTR: Backpropagation Through Rate.

d(a,b): Distance between the points a and b.

t-SNE: t-Distributed Stochastic Neighbor Embedding.
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Chapter 2

Variance Reduced Online Gradient
Descent for Kernelized Pairwise
Learning with Limited Memory

Pairwise learning is essential in machine learning, especially for problems involving loss
functions defined on pairs of training examples. Online gradient descent (OGD) algo-
rithms have been proposed to handle online pairwise learning, where data arrive sequen-
tially. However, the pairwise nature of the problem makes scalability challenging, as the
gradient computation for a new sample involves all past samples. Recent advances in OGD
algorithms have aimed to reduce the complexity of calculating online gradients, achieving
complexities lower than O(7T) and even as low as O(1). However, these approaches are
primarily limited to linear models and have induced variance.

Building on the groundwork laid in Chapter 2, Chapter 3 advances our exploration of
scalable solutions for online pairwise learning. Where, the inherent scalability challenges
head-on is addressed by proposing a limited memory OGD algorithm. This algorithm
not only extends to kernelized models, but also introduces a novel approach to variance
reduction. Through strategic sample stratification and the use of a fixed-size buffer, our
method optimizes gradient computations, leading to improved sub-linear regret bounds.
Our theoretical insights into the relationship between gradient variance and regret, paired
with rigorous experimentation, demonstrate a leap in performance, further solidifying the
algorithm’s place within the realm of online pairwise learning.

In this study, we propose a limited memory OGD algorithm that extends to kernel
online pairwise learning while improving the sub-linear regret. Specifically, we establish
a clear connection between the variance of online gradients and regret, and construct
online gradients using the most recent stratified samples with a limited buffer of size
of s representing all past data, which have a complexity of O(sT) and employ random
Fourier features O(\/T log T') for kernel approximation. Importantly, our theoretical results
demonstrate that the variance-reduced online gradients lead to an improved sub-linear
regret bound. The experiments on real-world datasets demonstrate the superiority of our
algorithm over both kernelized and linear online pairwise learning algorithms.
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2.1 Introduction

Pairwise learning is a machine learning paradigm that focuses on problems where the loss
function is defined on pairs of training examples. It has gained significant attention due
to its wide range of applications in various domains. For example, in metric learning [50],
pairwise learning is used to learn a similarity or distance metric between data points. In bi-
partite learning [50], it is used to address fairness concerns when making decisions based on
two distinct groups. Multiple kernel learning utilizes pairwise learning to combine multiple
kernels and enhance the performance of kernel-based methods [30]. AUC maximization in-
volves pairwise learning to optimize the Area Under the ROC Curve, a popular evaluation
metric for binary classification [37]. Pairwise differential Siamese networks utilize pairwise
learning to compare and classify pairs of samples [51, 81].

Online pairwise learning is an effective approach for real-time decision-making, particu-
larly when dealing with large-scale and dynamic datasets. The process involves sequential
processing of data points and updating the model using pairwise examples. One technique
that has been explored is online gradient descent, which provides computational efficiency
and scalability. However, a drawback of online gradient descent in pairwise learning is its
time complexity of O(T?), where T represents the number of received examples. This is
due to the requirement to pair each new data point with all previous points, which leads
to significant computational complexity. To address this limitation, researchers have been
investigating alternative methods such as buffering and sampling strategies [100, 52, 91].
These approaches aim to reduce computational burden and enable efficient learning on
large-scale problems.

Online gradient descent has gained significant attention in the domain of online pairwise
learning, leading to the development of various approaches. These methods, including
online buffer learning [100, 52], second-order statistic online learning [28], and saddle point-
problem methods [97, 77], have all employed linear models. Moreover, there has been
limited exploration of non-linear models in this field, particularly with kernelized learning
[9%, 23]. One notable approach in pairwise learning is online buffer learning, introduced
by Zhao et al. [L00]. This method uses a finite buffer with reservoir sampling to reduce
time complexity to O(sT'), where s denotes the buffer size. By storing a subset of the data
and ensuring uniform samples within the buffer, this technique effectively alleviates the
computational burden. Furthermore, Yang et al. [94] achieved optimal generalization with
a buffer size of s = 1, marking a significant advancement in the field.

The existing frameworks in the literature have primarily focused on linearly separable
data, overlooking the challenges associated with non-linear pairwise learning. Moreover,
the online buffer methods proposed so far have not adequately addressed the sensitivity of
generalization to the variance of the gradient. This limitation restricts their ability to cap-
ture the complexity present in real-world datasets. Moreover, there is a lack of extensive
research on non-linear pairwise learning, particularly in the context of kernel approxima-
tion. Although non-linear methods provide increased expressive power, the computational
cost associated with kernel computation, which scales as O(T?) [66, 19], poses challenges
to their scalability and efficiency in practical applications. In terms of generalization
bounds, the analysis of online pairwise gradient descent with buffers and linear models has
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Table 2.1: Recent pairwise learning algorithms(where 7' is the iteration number, d: the
dimension, D is random features, V.R. denotes variance reduction, and s is a buffer size),
note the time complexity is w.r.t. gradients computations.

Algorithm Problem Model Scheme V.R. Time Space
[33] AUC Linear  Offline NA O(T) O(1)
[73] AUC Linear  Online NA o(T) O(1)
[97] AUC Linear  Online NA O(T) O(1)
[100] AUC Linear  Online No O(sT) O(s)
[28] AUC Linear  Online No O(T) O(d)
[94] General  Linear  Online No O(T) O(1)
[52] General  Linear  Online No O(sT) O(s)
[66] General ~ Kernel  Online NA O(T?) o(T)
[49] AUC Kernel  Offline NA  O(TlogT) O(T?)
FPOGD (Ours) General — Kernel Online Yes O(:2T) O(s)
been extensively explored in previous studies [90, 52]. These works establish a bound of

O(1/s 4+ 1/\/T) for this approach. However, it is important to note that this bound is
only optimal when the buffer size s is approximately O(\/T ), which presents challenges for
scenarios where a smaller buffer size is desired. Additionally, the generalization analysis in
[941] assumes independent examples in sequential data, disregarding the temporal nature
of the data and the possible ordering and correlation among data points. This assumption
may lead to inaccurate performance estimation and unreliable convergence guarantees in
online learning scenarios. Taken together, these weaknesses highlight the need for further
research and development in the field of online pairwise learning to address the limitations
of linear frameworks, explore non-linear methods more comprehensively, and overcome the
computational challenges associated with kernel computation.

Our approach extends online pairwise learning to handle nonlinear data by incorporat-
ing kernelization of the input space. We address the impact of variance on regret through
online stratified sampling, selectively updating the model based on cluster relevance. Utiliz-
ing random Fourier features, we efficiently estimate the kernel with sub-linear error bound,
achieving computational savings without sacrificing performance. By combining kerneliza-
tion, efficient kernel approximation, and online stratified sampling, our method overcomes
linear limitations, handles nonlinear data, and mitigates variance impact, resulting in a
robust and effective online pairwise learning approach (Table 2.1). Our main contributions
can be summarized as follows:

e We present an online pairwise algorithm for non-linear models with fast convergence.
Our algorithm achieves sub-linear regret with a buffer size of O(s).

e We address the impact of variance on regret and propose online stratified sampling
to control and improve the regret rate.

e For the case of Gaussian kernel, we approximate the pairwise kernel function using
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only O(v/Tlog T)) features in comparison to O(T) in previous works, while maintain-
ing a sub-linear error bound.

e We demonstrate the effectiveness of our proposed technique on numerous real-world
datasets and compare it with state-of-the-art methods for AUC maximization. Our
methodology showcases improvements across both linear and non-linear models for
the majority of the examined datasets.

The following sections are organized as follows. Section 2.2 introduces problem setting,
Section 2.4 presents the proposed method, Section 2.5 provides regret analysis, Section 2.6
discusses related work, followed by Section 2.7 producing experimental results, and finally
Section 2.8 concludes the chapter.

2.2 Problem Setting

The concept of pairwise learning arises in the context of a subset X C R? and a label space
Y C R. It can be categorized into two cases:

e Pairwise hypothesis: This case involves learning a pairwise hypothesis, as in metric
learning, where the goal is to determine the relationship or distance between pairs of
data points in X'. In particular, the hypothesis predicts the distance between pairs
of instances, i.e. f: X?+— ), and therefore given n examples, the loss function is a
finite sum of (g) terms.

e Pairwise loss function: In this case, the focus is on minimizing a pairwise loss function,
such as in AUC (area under curve) maximization. The objective is to optimize the
ordering or ranking of pairs of data points based on their labels in ). In general,
the hypothesis is pointwise as in SVM, regression and binary deep classification, i.e.
f X — Y, however, the loss function itself represents the probability of correctly
predicting the labels of opposing examples.

In our analysis, we specifically investigate pairwise loss functions from both branches. We
establish a connection between the pairwise kernel associated with pairwise hypotheses and
regular kernels. This enables us to explore the characteristics of pairwise loss functions
within the framework of regular kernels. Consider an algorithm that learns from the
examples z; 1= (x;,y;) € Z := X x ), where i € [T] denotes the number of examples. Let f
belong to the space H. In this paradigm, the pairwise loss function serves as a performance
measure, denoted as £: H x 2% — R,.

Likewise, in online learning with pairwise losses, when a new data point z; is received,
a local error is generated by incorporating the new data point together with all previous
t — 1 points. The local error is then determined on the basis of the chosen pairwise loss

function as follows:
=

Li(fi-1) = F—lzg(ftflaztazi)- (2.1)



The core objective in online pairwise learning is to create an ensemble of models, denoted
as fi, fa,..., fr, aimed at minimizing the expected risk. Assuming that the data are
assigned to a higher-dimensional space where linear separability is achieved, we consider a
linear model represented as w. To address the issue of memory requirements, we employ
a buffer-based local error denoted as L;(w;_1), as defined in Equation 2.2. At each step t,
the buffer, denoted B;, contains a limited number of historical example indices, and the
cardinality of the buffer is represented as |B;| (equivalent to s in the existing literature).

(w1, 2, ). (2.2)

The buffer plays a critical role in the learning process, being updated at each step using
diverse strategies, ranging from randomized techniques like reservoir sampling [100, 52] to
non-randomized approaches like FIFO [91]. However, it should be noted that there is a
noticeable research gap on the variance implications of these sampling methods, despite
their widespread use.

To handle complex real-world data, our pairwise online approach assumes mapping
both the hypothesis and the data to a Reproducing Kernel Hilbert Space (RKHS) denoted
as H. The associated Mercer pairwise kernel function k : X% — R satisfies the reproducing
property (k.. 9) = g(z,2’) , where z,2’ € X* and g € H. In the case of pointwise
hypothesis but pairwise loss functions, such as AUC loss, the kernel function simplifies to
k : X% — R. The space H encompasses all linear combinations of functional mappings
{k(wan|(z,2") € X?} and their limit points.

To address the computational complexity of kernelization in the online setting, we uti-
lize random Fourier features (RFF) as an efficient approximation of the Mercer kernel
function. RFF provides a lower-dimensional mapping 7(-), which approximates the kernel
function, with the estimate denoted as k(-). This approximation allows us to perform com-
putations using linear operations, significantly reducing computational complexity. The
space spanned by the new kernel functions is denoted as #. Previous work has studied
the error of random Fourier approximation in pointwise and offline settings. In the online
setting, the minimum number of random features required to ensure sub-linear regret has
been found to be O(T'). In our method, we introduce an error bound for pairwise problems
using only O(v/T log T) random features (see Section 5 for more details).

2.2.1 Assumptions

Before introducing our main theorems, we outline a set of widely accepted assumptions
concerning the properties of the loss function and kernels. These assumptions hold signif-
icance in the realm of convex optimization and encompass commonly used loss functions
such as squared loss as well as popular kernels like the Gaussian kernel.

Assumption 1 (M-smoothness ) Assume for any a € Z? x H, the gradient of the loss
function Vl(a) is M-Lipschitz continuous, i.e. Yw,w' € H,

IVl(a) = Vi(a)|| < Mlla— |,
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Assumption 2 (Convexity) Assume for any z,2' € Z, the loss function ((-,z,2") is
convex function, i.e. Yw,w' € H,

w,2,2") > (W', 2,2) + Ve, 2, 2") (w — ).

Assumption 3 (Finite Kernel) Assume for any p-probability measure on X? the posi-
tive kernel function k : X* x X?* — R is p-integrable, i.e. for any (z,2') € X2,

[ [ K, @aan@yina <

2.3 Backgorund

In the analysis of buffer-based pairwise online gradient descent algorithms, two key concepts
are essential for understanding the relationship between regret and variance in the proposed
method.

2.3.1 Variance of Stochastic Gradient

Let us denote the variance of the stochastic gradient as V(u;), with u; := VLi(w;_;) is the
gradient based on a finite buffer. The variance is defined as the trace of the covariance
matrix, i.e., V(u) := E|u, — Ewl[*>. The following lemma sheds light on the connec-
tion between the variance of the gradient and the distance between the inputs and their
corresponding expected values.

Lemma 1 Assuming that the loss function is M-smooth, as mentioned in assumption 1,
let z; denote the i-th sample drawn from a uniform distribution, i.e., i ~ Uniform(1,t—1).
Then, the variance V(uy) of the stochastic gradient is bounded by:

V(u) < M?E|z; — Eai%, (2.3)

where the expectation is w.r.t. the uniform random variable i.

Proof 1 Let x; sampled example from the history of examples, where i ~ uniform[1,t — 1],
then since the loss function is M-smooth we have:

||V£(U), Zt, ([L‘, y)) - Vﬁ(w, Zt, (Ex>y))”2 <M Hx - ExHQ )

then by adding and subtracting EV{(w, 2y, z) to LHS after squaring both sides, and denote
Ez = (Ez,y) we have,
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|| Vl(w, 2, 2) — EVL(w, 2, 2) + EVL(w, 2, 2) — VU(w, z, E2)||? < M?||x — Ex||?
&||VUw, 2, 2) — EVLUw, 2, 2) || + [[EVE(w, 2, 2) — VE(w, 2, E2) |
— 2(Vl(w, 2, 2) — EVL(w, 2, 2)) T (EVL(w, 2, 2) — V(w, 2, E2)) < M?||z — Ex|*.
(2.4)
Taking expectation on both sides w.r.t. uniform distribution of ¢, and rearrange to have:
E||Vl(w, 2, 2) — EVL(w, 2, 2) ||* + E|[EVE(w, 2, 2) — VE(w, 2, Ez)|?
—2E(VlUw, 2, 2) = EV{{(w, 2, z))T/(]EVE(w, 2, 2) — Vl(w, z,Ez2)) < M°E||z — Ex|?
—0
SE||V(w, 2, 2) — EVU(w, 2, 2)||? < —|EVL(w, 2, 2) — VE(w, 2, E2)||* + M?E||z — Ez|?
< M’E||z — Ex|]*. (2.5)

Recall the definition of the variance of the stochastic gradient for final results. This com-
pletes the proof.

2.3.2 Regret Bound and Stochastic Gradient Variance

The variance of the stochastic gradient plays a crucial role in determining the regret bound
of pairwise online gradient descent algorithms. The following lemma establishes a connec-
tion between regret and the variance of the stochastic gradient.

Lemma 2 With assumption 2, let [wy]’_, be the sequence of models returned by run-
ning any buffer-based algorithm for T time-steps using an online sequence of data. If
w* = arg min, g Z?:Q Li(w), and By is sampled from the history of the received examples
uniformly and independently, then the following holds:

a L )
ZLt(wtfl) < ZLt<w )+ 5 +
t=2 t=2 7]

N |3

D (V(ue) + [Eue), (2.6)

where the expectation is w.r.t. the uniform distribution of buffer examples.

Hence, reducing the variance of the stochastic gradient can improve the regret of buffer on-
line pairwise learning, which can be achieved using online stratified sampling as illustrated
in the next section.

Proof 2 Let g,(-) = ﬁ > ien, L0, 21, 25) be convex function for all t > 1 where By is the
buffer of uniformly sampled i.i.d. history examples. Let u; € Ogy(wy—1). If we take the
distance of two subsequent models to the optimal model, we have:

lwe — @*|* = [wi1 — @*||* = [Jwer = mey — @) — [wp—y — @]
= llwer = @"|]* = 2neu; (W — @) + 15 Jue]l* = we—y — @7
= —2n5u; (wi—1 — @) + 0 |u®

< =20(ge(we—1) — ge(@")) + 177 |||, (2.7)

A
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where the last inequality implements the Assumption 2, i.e. —ul (wy_1—w*) < —(gs(wi_1)—
ge(w")).

Setting the step size n, = n for all t, taking the expectation w.r.t. the uniform random-
ness of the history points, and assume that if w is fixed then Eg,(-) = Ly(+)

k|2 k]2 2
< Moy = @ |° = flwe — @ nEflue®

L(w;—1) — L(w*) < o 5

(2.8)

Finally, using the identity Ellu||* = V(u;) + ||Ewl]?, summing fromt =2 tot =T and
setting wy = 0, would complete the proof.

2.4 Proposed Method

The proposed method consists of two essential parts that are mutually dependent. Firstly,
by mapping non-linearly separable data to the RKHS H, we achieve a transformation that
renders the data linearly separable. This mapping serves as the foundation for effectively
addressing non-linearity. Secondly, through the strategic implementation of stratified sam-
pling, we can potentially reduce variance, preserve low memory utilization, and achieve
sub-linear regret.The initial mapping to the RKHS enables us to seamlessly fulfill the ob-
jectives of the second component, ensuring a general efficient approach as illustrated in
Figure 2.1.

Buffer(t)
L]

RFFs Map

X
@
~N__° °® Clustering

& New example ® b .
® C(Class 1 ° , .
x  Class 2

Figure 2.1: The incoming point z; from the left are transformed through kernelization and
RFFs to a new space. Subsequently, they are clustered and added to the buffer using either
a FIFO strategy or with a probability-based approach.

2.4.1 Non-Linear Mapping to RKHS

In pairwise online gradient descent algorithms, our goal is to handle non-linearly separable
data. To achieve this, we employ a transformation ® : X — 7H that maps the input
space X to a high-dimensional RKHS H. By performing this transformation, we project
the non-linearly separable data into a higher-dimensional space where it becomes linearly
separable.
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However, the computational complexity associated with using explicit kernel computa-
tions can be prohibitive. To address this challenge, we leverage the RFFs technique, which
allows us to approximate the inner products in the target space H more efficiently. Instead
of directly computing the inner products in H, we map the input space to an approximate
space H using a randomized mapping function. This approximation enables us to estimate
the inner products of the original data points in the approximated space, rather than in
the full high-dimensional space.

By applying this non-linear mapping using RFFs to the RKHS, we effectively handle
the non-linearity in pairwise online gradient descent algorithms. This approach facilitates
better separation of data points in the transformed space 7:1, while maintaining a lower
computational complexity of O (%T), compared to the O(T?) complexity associated with
explicit kernel computations.

2.4.2 Online Stratified Sampling

In addition to the non-linear mapping, we employ stratified sampling to further improve the
efficiency and reduce the variance of the stochastic gradient estimates. Online Stratified
Sampling (OSS) partitions the input space into balls of radius ¢ and ensures that each
ball is represented by a uniform sample at each iteration. By doing so, we achieve several
advantages.

First, stratified sampling reduces the variance of the stochastic gradient estimates. By
partitioning the input space and uniformly sampling within each partition, we effectively
minimize the variance of the stochastic gradient. This is achieved by reducing the ex-
pected distance between the sampled variables and their corresponding expected values,
as highlighted in the Lemma 1.

Second, stratified sampling preserves low memory utilization. Instead of storing the
entire history of the received examples, we maintain a uniform sample from each partition
at every step t. This approach reduces the memory requirement while still providing
sufficient information to estimate the gradients accurately.

Finally, stratified sampling enables us to achieve sub-linear regret. By reducing vari-
ance and preserving low memory utilization, our method ensures efficient exploration and
exploitation of the data, leading to improved regret bounds. To this end, we redefine the
loss at each time step considering the presence of k; partitions, denoted as C;f, where each
partition has a cardinality of \C]t.|, and the corresponding gradient is shown in equation 2.9.

_ o |el|
VLt(wt_l) = Z ; _J 1

J=1

Vﬁ(wt_l, Ztath[j])- (29)

Note that the gradient mentioned above is unbiased, i.e. EVL;(w; 1) = VLi(w;_1). To
reduce the variance in the estimation of stochastic gradients, we maintain a uniform sample
of each partition at every step ¢, ensuring that |B|; = k; . This update approach enables
us to achieve a lower variance. To accomplish this, our objective is to find the optimal
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partitions at each time step t, which involves solving the following optimization problem
or its upper bound based on the Lemma 1.

. (IG)?
min V(ug) = Z WEJ|JGCt||V£(w A Ej|j€C§V€(w,zt,zj)\|2 (2.10)

J jfl

|Ct

> Z g|gect||$g EjljeC§xj||2
ICtIM2 )
Z Z 2y — ]|J€C§xj|| -
Jjecs

The objective of our approach is similar to a conventional clustering problem, where
Ejuec;xj = Zjec; ‘% represents the centroid of partition j (note that partition may be

referred to as “cluster” intermittently). Our approach offers an effective solution by simul-
taneously addressing memory efficiency and variance reduction as certified below.

2.4.3 Certificate of Variance Reduction

Assume that there exist x; clusters and denote (-) the cluster-based buffer gradient
constructed using online stratified sampling 1, and w(+) represents the estimate obtained
from uniform sampling without online clustering,

1
V(uy) = K_tEiHVaw?ZtaZi) —EVU(w, 2, 2)|)?
1
= —EiHW(w,ZmZi)HZ — BV (w, 2, 2)||*

(a 1
2 g Eipecy IV, 2, 21 € )| = [ET¢(w, 7,2)]

= Z —= _ﬂ’ Eijicetl|VU(w, 21, z1li € CI* = |E:VE(w, 2, )|

7=1
1 Kt Ct
S Y Vi V(. 2,2l € C) + By VL, 2, 5l € COIP — BT e, 2, )|
t
7=1
1 Kt t
(i) ,{_ Z + 1V2|16Ctvg(w Ztazz|l € C;) + ||]Ez|7,6Ctv€<w & ZZ|Z < Ct) E Vé(QU t )H
t =1
I & d .
ZKJ— ﬁvﬂiec;fve(wa Zt, Zz’|l € C;) = V(ﬁt)v (2'11)
tio v

where equality (a) and equality (b) implements total expectation, i.e. E0§Ei|iec§ Vil(w, z, 2zl €
C!) = E;V{(w, 2, %;). The reduction in variance is influenced by the variances within each
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partition and the number of examples in it. If each cluster has same number of examples
(t—1) /K¢, we can observe that the bound becomes 1/k;. Note that the maximum reduction
in variance is (t — 1), which is the case for the full gradient. It is worth noting that the vari-
ance reduction assumes comparable variances among clusters. If the clusters have different
variances, it is advisable to sample more from the high-variance cluster. This extension
can be easily incorporated into our algorithm by considering the running variances of each
cluster.

2.4.4 The Algorithm

We introduce the algorithm in 1 for general pairwise learning with kernel approximation
using RFFs. The centroid update of the OSS algorithm involves minimizing the upper
bound given in Equation 2.10. This minimization can be achieved using the upper bound
gradient with respect to the centroid c¢ of partition j, denoted as ¢ := Ej\jecj. [z;]. The
centroid update is then performed as follows:

¢ c+nelz —c), (2.12)

where z; represents the newly assigned example to partition j, and 7, is the step size. This
update ensures that the centroid moves towards the assigned example in order to minimize
the upper bound. In the subsequent section, we provide an analysis that decomposes the
regret of the algorithm into two distinct components, first, the regret of learning w* :=
argmin, 4 L(w), second, the regret of the kernel approximation using RFFs mapping.

2.5 Regret Analysis

The regret of the online algorithm relative to the optimal hypothesis in the space H, i.e.,
w* = arg ming,ey Zthz L;(w) when running on a sequence of 7" examples is:

Rurr =Y Li(wi—1) = > Li(w"), (2.13)

t=2

where the local all pairs loss L;(-) is defined in equation 2.1. We can decompose the regret
in equation 2.13 by introducing best-in-class hypothesis in the approximated space H, e.g:
w* = argmin, ST, Ly(w) as follow:

T T T T
Ruorr = Li(wiy) = L)+ L) = > Liw).
\1&:2 t=2 , \1}:2 t=2 ,
T T

We provide the bound on T} in Theorem 2 (Section 2.5.1), and then provide the bound on
Ty in Theorem 3 (Section 2.5.2). Finally, by combining them together, we could provide
the main theorem on regret for the Algorithm 1 as follows.
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Algorithm 1 Fourier Pairwise Online Gradient Descent (FPOGD)

Require: Initialization w, € #, ran- Online Stratified Sampling (OSS) with
dom feature size D, initial example z;, FIFO Buffer Update
Fourier feature distribution P of kernel Require: Buﬂer B’ Centroids C) Cluster_

k, step size 1, clustering distance e. ing threshold €, new example z, =
1: By + {Zl}, Ci + {Zl} (xt7yt)
2: fort=2,...,T do 1 if mingeo ||z, — ¢||* < € then
3:  Receive new example (x4, ;) € Z 9. Select cluster

4:  Sample Fourier feature {qi}i’i/f ~ P
5. Map to new space: J = arg ICIéICI} |z — c?

2fﬂé%@MJM&%@%mfwﬂ

3:  Update buffer B[j] + ¢

6 Suffer loss 4: 1Upda‘ce Centroid j using equation 2.12
o: else

< lc
we 1) = 1wy, 2, 25 6:  Add new cluster C <~ C' Ut
gu(wi-) ; t—1 (w1, 24, 2Bu31) 7. Add new examples B «+ B Ut

8: end if

7. Select v, € Ogy(wy—1) 9: Return B,C

8:  Update model wy = w;_1 — nuy

9:  Update By, Cy = OSS(B;—1,Ci_1,€, 2)
10: end for

11: Return wy

Theorem 1 Let {z € Z}L | be sequentially accessed by algorithm 1. Let D be the number
of RFFs. And assumptions 1, 2 and 3 hold with M Lipschitz constant. Then, if the step
size € (0 1/M], the regret bound compared to w* is bounded with probability at least
1— 28 (28) exp(—D6%/(4d + 8)) as follows:

_ T
[~ ]® "‘H2

+n> V(u (2.14)

t=2

M
R < 5 Tl 36 +

where ||w*||; = szﬁ |a; |, & is the kernel approzimation error, ky is the number of clusters,
o is the kernel width, V(u;) = tr(cov|u]), R is the input diameter.

Remark 1 Choosing n = % and 6 = T~Y* makes the regret bound sub-linear which is
for all t’s, then it is possible to have log(T) regret by

optimal. Moreover if V(u ) =
Log(T" , which is similar to the case of full history update. Note

choosing n = m and 6 = \/T
that D = O(\/Tlog(T)) in general, but can be as low as log*(T) for special kernels, (please
refer to section 2.7.5) .

In the following, we provide the analysis to the upper bounds to 77 and T5, respectively.
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2.5.1 Regret in the Approximated Space

The choice of buffer updating method, whether randomized (e.g., reservoir sampling) or
non-randomized (e.g., FIFO), significantly impacts the analysis, as highlighted by [52] and
[90]. To ensure the independence between sampling randomness and data randomness, we
begin with a simple FIFO approach, proving the T1 bound in Theorem 2 under the i.i.d.
assumption. We then introduce reservoir sampling, which uniformly samples the stream
without the assumption ¢.7.d., establishing convergence using the Rademacher complexity
of pairwise classes.

Consider the algorithm that has sequential access to the online stream. The following
theorem demonstrates that the algorithm achieves optimal regret with memory complexity

O(Ky).

Theorem 2 With assumptions 1 and 2, let [wy)_, be the sequence of models returned
by running Algorithm 1 for T times using the online i.i.d. sequence of data. Then, if
w* = argmin, 4 S, Li(w), and 7 € (0,1/M], the following holds:

T T

> Latwn) = 3 Ly < By S v, (215)

t=2 t=2 277

Remark 2 [f the original space is assumed to be linearly separable (without kernels), then
our algorithm has a time complexity of O(k7T) and offers sub-linear regret with n = 1/\/T
Also, note that for the case of € > R the algorithm is equivalent to [9/] and if ¢ < R/T
it matches the algorithm in [10]. In particular, if the clustering radius € is large enough,
it will result in only one cluster, similar to Yang’s approach. Conversely, if € is small
(smaller than the distance between any two examples), it will create a cluster for each
example, similar to the Boissier approach.

Remark 3 In the worst-case scenario, pairwise learning data points are assigned to new
clusters or grouped within an epsilon distance from the initial centroid. The maximum
number of clusters k; at step t can be upper-bounded by considering non-overlapping hyper-
spheres of radius epsilon in the bounded input space. Given the volume of the input space
V2 at time step t, the cluster threshold of €, and the gamma function T'(-), we have:

d

e (2.16)

For a hypersphere input space with constant radius R in all time steps, the maximum
number of clusters is simplified to k; = min {t — 1, (R/€)*}. In practice, the actual number
of clusters obtained may be lower due to the data distribution (for experimental validations,
please refer to section 2.7.4).
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This theorem establishes that the algorithm achieves optimal regret. The regret bound
ensures that the algorithm’s performance closely approaches the optimal solution, consid-
ering the Lipschitz continuity and convexity conditions. The FIFO buffer update scheme,
combined with the analysis of the expected squared norm of the gradients, contributes to
the regret bound.

Randomized Buffer Update In practical online learning scenarios, the assumption of
an i.7.d. online stream is often impractical, since the data can be dependent. Furthermore,
uniform sampling from an online stream is not straightforward, making it challenging to
achieve the bound mentioned above when the history examples are not readily available in
a memory. To address this, we use buffer update strategies that force data independence
in the buffer. Stream oblivious methods are particularly useful, as they separate the
randomness of the data from the buffer construction. To ensure an effective buffer update
and maintain the desired representation, we adopt reservoir sampling in conjunction with
the clustering strategy. This approach treats each partition stream independently. When a
new example arrives in cluster C;f, the old example is replaced with a probability of 1/ |C§|,
making it difficult to establish a uniform distribution between each cluster. Finally, the
bound in Theorem 2 holds with the assumption of model-buffer independence.

Proof 3 Starting from equation 2.8 with the fact that the cluster-based buffer loss is unbi-
ased of true local loss;

_E|12 _ h*||2 2
< Moy = @° = flwe = @77 e

L(wi_1) — L(@") T 5

and using the M-smoothness of the function g i.e. L(w;) < L(w;_1) + Eul (w; — w_q) +
Ylwy — w1 |, and the update wy = wy_q — oy,

2
M
EL(w) < EL(wer) — nl[Eull? + Do Elfu ] (217)

By combining the last two inequalities and considering that the expectation is with respect
to uniform sampling, we obtain the following inequality.
n., "M

|wt_1 — w*||2 — ||wt — w*||2 9 9
+(=+ —E -n E .

L(w;) — L(w*) < |

Using the fact that V(u;) = Eflu|* — |Ew||* and choosing n = (0, 17], we have:

wi—1 — w*||* = [|wy — W
2n

L(w,;) — L(w*) < |
Finally, summing fromt =2 tot =T and setting wy, = 0 would complete the proof.

It is worth noting that our analysis remains valid in both scenarios: the FIFO buffer
update, which requires independent examples, and the randomized update of the buffer
which does not require online independent examples. Although there is a coupling between
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the model w; and the buffer By, as the model w;_; incorporates information from the buffer
in the previous step, we can still maintain the validity of the analysis considering that
this coupling is limited, as demonstrated in previous research (e.g., [100]). Although the
gradient is not an unbiased statistic due to this coupling, we argue that the impact on the
analysis is minimal.

Moreover, it is important to note that the main difference lies in the buffer size. In
the case of coupling, the buffer size must be at least logT', as determined through rigorous
analysis using techniques such as Rademacher complexity or covering number (for more
details, see [52] and [90]). These analyzes provide a deeper understanding of the underlying
mechanisms and further support the validity of our approach.

2.5.2 Regret of RFFs Approximation

The kernel associated with the pairwise hypothesis in space H is a function defined as
k: X?*x X% — RY with a shorthand k¢, () = k((z,2'), (-,-)) and can be constructed
given any uni-variate kernel G for any z1, zo, 7, 2, € X as follows:

k(‘rhx%x,lv xl2) = g(xla xll) + g(an l'/2) - g<x1’ x/Q) - g(l’g,l‘ll) (218)
= <g961 - grng'l - gx’2>g

It is clear that the pairwise kernel k defined above is positive semi-definite on X2, and
therefore it is Mercel kernel if G does on X' (e.g., see [98]). We further assume that there
exists a lower-dimensional mapping r : X — R, such that G,(-) ~ r(z)Tr(-).

The quality of the approximation of the pointwise kernel G by random Fourier features
is studied in the literature (see [76],[7],[01]), however, the approximation of pairwise kernel
k(-) needs further analysis. Let the kernel function G(-) be shift invariant and positive def-
inite, thus using Bochner’s theorem, it can be represented by the inverse Fourier transform
of a non-negative measure p as G(z,2') = G(z — 2') = [ p(g)e™ T@=2) qy where i = /—1.
For example, if the kernel is the Gaussmn kernel, the measure is found by the Fourier
transform to be p o< N'(0, diag(c)), where o € R? is the kernel width. In other words, the
kernel G can be approximated using the Monte Carlo method, denoted as G, as follows:

o D/?

za) =5 ZCOS i (x—2") = (r(z),r(z), (2.19)

D/2

where ¢; ~ N (0, diag(o)), and r(z) := \/ﬁ[cos(ql x), sin(ql, x)],Z;. The following theo-

rem bounds the random Fourier error in equation (2.14).

Theorem 3 Given a pairwise Mercer kernel ki, .y = k((x,2'), (-,-)) defined on X* x X2,
Let l(w, z,2") be a convex loss that is Lipschitz smooth with constant M. Then for any
w* = ngﬁéz a; ik(z,e;), and random Fourier feature number D we have the following with

probability at least 1 — 28 ( 1) exp(—Dé6%/(4d + 8)),

ZLA ZLt <—TH 11362, (2.20)
t=2
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T
where ||w*||; = Zi,j;éi |ai ;1.

Remark 4 Note that |[w*||y is controlled by reqularization, that is, if there exists more
than one optimal solution, then the optimal solution has minimal ||w*||;.

The study in [7] assumes that the true and approximated kernel functions belong to L?(p)
i.e. space of square integrable functions (under the assumption 3), with the space ‘H being
dense in L?(p). Before proving the theorem, the following Corollary bounds the error of
the pairwise kernel using the main theorem in [70].

Corollary 1 Given z,xq, 2,75 € X, and pairwise kernel k defined on X* x X?, the
random Fourier estimation of the kernel has a mistake bounded with probability at least
1 —8exp ’225 as follows:

~

|k(11,12)(x/17 xIZ) - k($1,$2)(x/17$,2)| S 0.

The proof follows from claim 1 in [76] and the definitions of pairwise kernel &, which has
four sources of errors.

Proof 4
T T T 1 t—1 T 1 t—1
ZLt(U_)*) —ZLt(w*) = Zm : g(’U_J*,Zt,Zi) —Zng(w*,zt,Zi)
t=2 t=2 t=2 i=1 t=2 =1
T 1 t—1
— Zng(w Zt7ZZ) _E(w Zt7zz>
t=2 =1
T t—1
1 M, . .
<3 A A -l (221)
t=2 =1

where last inequality applies assumption 1, and that fact that Vﬁ(w*,z,z’)A = 0 for any

2,72 € Z. Using the Representer theorem and the fact that the space H and H are dense in

L?(p) (space of squared integrable function, under assumption 3). Hence, we can approxi-

mate any Junction in H by a function in L3(p), i.e. without loss of genemlzty we assume
t—1

that @ = 3217 45 0 ke e, then we have [|@" —w* |3 < (| 30520 sy @ (Rapog = o)

L2(p)
using the fact that || - |2,y = || - |2, finally using the triangle ine ualzt we have
g L2(p) ’ ) g g q Y f
T T t—1
Z Lt(w*> - Z Lt( < Z sup —- Z ||a;,k(kztyzi - kztyzi)||2L2(p)
t=2 t=2 t= 2“3““@( j=1,k#j
T t—1
a M .
<D D (a5
t=2 j=1,ksj
T t—1
b M .
SR Nl
t=2 j=L1,k#j
M *
= ST 347, (2.22)



where inequality (a) implements Corollary 1, inequality (b) use the fact that sum of squares
is less than the square of sum, and last equality assumes ||w*||; = Zgj# |a; ;|. This com-
pletes the proof.

2.6 Related Work

Pairwise scalability poses a challenge in pairwise learning due to the quadratic growth of
the problem with the number of samples. To address this issue, researchers have proposed
different approaches in the literature. Some examples include offline doubly stochastic

mini-batch learning [18, 33, 2, 3], online buffer learning [100, 52, 9], second-order statistic
online learning [28], kernelized learning [13, 9%], and saddle point-problem methods [97, 77].
Online gradient descent, while having a time complexity of O(T?) [10, 28], is impractical

for large-scale problems. It pairs a data point (zy,y;) received at time ¢ with all previous
samples {zy,yp|1 <t <t — 1} to calculate the true loss. However, computing the gradi-
ents for all received training examples, which increases linearly with t, poses a significant
challenge. To address this, the work in [100] introduced two buffers, B, and B_, of sizes
N, and N_, respectively, using Reservoir Sampling to maintain a uniform sample from the
original dataset. Although this approach provides a sub-linear regret bound dependent on
buffer sizes, it is limited to AUC maximization with linear models (H = R%) and overlooks
the effect of buffer size on generalization error. Researchers have also explored the appli-
cation of saddle point-problem methods to tackle pairwise learning tasks involving metrics
such as AUC [97]. By formulating the problem as a saddle point problem and utilizing
typical saddle point solvers, this approach achieves a time complexity of O(T') in terms of
gradient computations, providing an efficient solution for pairwise learning with reduced
computational requirements.

The study by [52] introduces RSx, which replaces buffer samples with incoming data
using s Bernoulli processes in 1/¢, ensuring s independent data points. However, achieving
optimal generalization in terms of buffer loss requires a prohibitive buffer size of O(v/T).
Conversely, [94] argues for a buffer unity size, but their proof relies on impractical inde-
pendent data streams and is limited to linear models. The common challenge in previ-
ous approaches is the need for i.7.d. buffer examples for uniform convergence analysis and
model-buffer decoupling. For example, [52] addresses this with modified reservoir sampling,
but still requires a buffer size of O(v/T). Moreover, buffer-based loss becomes less infor-
mative as buffer updates become increasingly rare over time. These existing approaches
suffer from limitations in computational efficiency, applicability to non-linear models, and
a lack of explicit study of the impact of buffer variance on generalization error.

2.7 Experiments

We perform experiments on several real-world datasets, and compare our algorithm to both
offline and online pairwise algorithms. Specifically, the proposed method is compared with
different algorithms of AUC maximization, with the squared function as the surrogate loss.
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Table 2.2: AUC maximization results (average + standard error)x10? using different batch
and online algorithms on different datasets

Dataset FPOGD SP-NET OGD S. Kernel Proj++ Kar
diabetes  81.9140.48 82.034+0.32 82.53+0.31 82.64+0.37 77.92+1.44 79.85+0.28
ijennl 92.32+0.77 87.01£0.10 83.4641.25 71.13+0.59 92.20+£0.27 83.44+1.21
a9a 90.03+0.41  90.02+0.08 88.414+0.42 84.20+0.17 84.42+0.33  77.93+1.55
mnist 92.85+0.25 88.57+0.54 88.65+0.34 89.21+0.15 89.82+0.15 84.16%0.15
revl 99.384+0.20 98.13+0.15 99.05+0.57 96.26+0.35 94.54 +£0.36 97.78 +0.64
usps 95.02+0.84 85.12+0.88 92.884+0.47 91.25+0.84 90.14 £0.22 91.58+0.25
german 85.82+0.24 76.89+2.46 84.20+0.54 80.11+0.44 78.44 £0.66 84.21+0.45
Reg. Iy l1 + 19 Iy lo lo lo

2.7.1 Experimental Setup

Compared Algorithms.
are,

The compared algorithms includes offline and online setting

e SPAM-NET [77] is an online algorithm for AUC with square loss that is transformed
into a saddle point problem with non-smooth regularization.

e OGD [94], the most similar to our algorithm but with a linear model, that uses the
last point every iteration.

e Sparse Kernel [19] is an offline algorithm for AUC maximization that uses the kernel

trick.

e Projection ++ [13] is an online algorithm with adaptive support vector set.

e Kar [52] is an online algorithm with a randomized buffer update policy.

Datasets. The datasets used in this study are sourced from the LIBSVM website [11].
Table 2.3 provides an overview of the dataset statistics, including the dataset name, size,
feature dimension, and the ratio of negative to positive examples. Non-binary datasets
undergo a conversion process into binary by evenly dividing the labels.

Implementation. The experiments were validated for all algorithms through a grid
search on the hyper-parameters, employing a three-fold cross-validation. For example,
in each algorithm, the step size, denoted as 7, was varied within the range of 2[~%-1],
providing flexibility for fine-tuning. Similarly, the regularization parameters, represented
by A, were explored in the range of 1051, In the case of the SPAM-NET algorithm, the
elastic-net regularization parameter, denoted as Ay, was determined by a grid search with
values ranging from 10~® to 10~!. To ensure a fair comparison, the use of kernelization is
excluded when comparing with linear algorithms. All algorithms were executed five times
on different folds using Python, running on a CPU with a speed of 4 GHz and 16 GB of
memory.
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Figure 2.2: The first column presents AUC vs. time. Columns two and three display regret
comparisons, with column two focused on i.i.d. datasets and column three on non — i.i.d.
datasets. The fourth column provides gradient variance using a 4-size buffer
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2.7.2 Experimental Results and Analysis

The effectiveness of our random Fourier pairwise online gradient descent procedure in
maximizing the area under the curve (AUC) is confirmed by our results obtained with a
squared loss function, as illustrated in Figure 2.2. Table 2.2 clearly shows that our algo-
rithm outperforms both online and offline linear and nonlinear pairwise learning algorithms,
yielding enhanced AUC performance, particularly on large-scale datasets. Furthermore, in
next section, we provide experimental results that demonstrate the relationship between
the number of allowed clusters and the convergence of the algorithm. Additionally, we
investigate the impact of the number of random features on the algorithms performance.

2.7.3 Additional Experiments

Table 2.3: Datasets used in the experiments, where N_/N, is the ratio of negative to
positive examples.

Dataset Size Features N_/N,
diabetes 768 8 34.90
ijennl 141,691 22 9.45
a9a 32,561 123 3.15
MNIST 60,000 784 1.0
covtype 581012 54 1.0
rcvl.binary 20,242 47,236 0.93
usps 9,298 256 1.0
german 20,242 24 2.3
le—-1 le-1
92 — mnist
— a%a 90!
9.0
&} &} =1
288 252 s =2
—_— g =4
—_— 5 =8
8.61 8.0 — 5 =16
— 5 =32
8.4 ; ; 7.5L1F } } } I I
102 103 0.0 0.5 1.0 1.5 2.0 2.5
Random features "D" time (s)

Figure 2.3: On left, AUC versus number of random features D used to approximate the
kernel, for aa and MNIST datasets. On right, AUC versus maximum number of clusters
“s” in algorithm 1 for the dataset “a9a”.
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2.7.4 Number of Clusters

In our algorithm, the number of clusters is determined by the hyper-parameter epsilon. To
manage memory requirements and computational costs, we enforce a maximum limit on
the number of clusters in our experiments, even if the epsilon theoretically allows for more
clusters. This strategic limitation not only ensures resource efficiency, but also contributes
to practical applicability.

In the figure below, we shed light on the influence of varying cluster limits on the AUC
score, specifically focusing on the “a9a” dataset while using a small epsilon value. The
findings reveal that as the number of clusters increases, the AUC score shows a gradual
ascent, taking more time to reach its maximum value. Importantly, these results also
underscore that, by restricting the number of clusters, we achieve a noticeable reduction in
variance while still maintaining a commendable level of performance. This balance between
performance and resource management is crucial for the practical implementation of our
method.

2.7.5 Number of Random Feature

By utilizing the Mercer decomposition theorem and the properties of eigenvalues, we can
derive bounds on the number of random Fourier features needed for different decay rates
of the eigenvalues. Specifically, for a decay rate of 1/i, the sufficient number of features
is D > 5T1log2T. For a decay rate of R?/i*, the sufficient number of features is D >
T'/?¢log T. And for a geometric decay rate of r* (r > 1), the sufficient number of features
is D > log®T.

In our experiments, we focus on a Gaussian kernel with a constant width of 1/d, where
d is the dimension of the input space. For this kernel, the required number of random
features is O(v/T log(T)). Figure 1 illustrates the results of our experiments, which show
that D = O(v/Tlog(T)) is sufficient for a good approximation of the kernel, as the AUC
does not improve significantly beyond this point.

2.7.6 Additional Datasets

In this section, we present a series of figures that highlight the superior performance of
our method: Figure 2.6 demonstrates the efficiency and effectiveness of our approach by
showcasing the Area Under the Curve (AUC) in relation to time. Figure 2.4 provides
information on the gradient variance analysis using a 4-size buffer, highlighting the stability
of our algorithm. Finally, Figure 2.5 compares regret values on ¢.i.d. and non — 7.i.d.
datasets, showcasing the adaptability and robustness of our method across different data
distribution scenarios.
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Figure 2.4: This figure investigates gradient variance using a 4-size buffer across four
datasets. The top row shows running variances, while the bottom row presents logarithmic
box plots. “Received examples” are online inputs at each time step, with u; as the online
stochastic gradient, and Fu, as the expected gradient.

38



a%a usps

- 1000
2501 —— OGD s -= 0GD K
. 7
Loo| T KAR y; 800{ —: KAR /-
2007 — FpocD 7 —— FPOGD '
S / £ 6001 P
< 150+ Va = A
g e g 400 ya
o 100 /‘ -’ e .
» - 7 -
e " . —_—
501 . 200 7 e
z——" /“/——-/
0 : - ‘ ‘ ' ' 01
0 250 500 750 1000 0 2000 4000
Received examples Received examples
ijcnnl .
—— p 1000 mnist ,
ot —-— 0GD /
15009 =+ ':Q(F;GD o 8001 —: KAR
o s~ — FPOGD -
= iy £ 6001 /
2 1000 S/ z /
o> ‘7 4 .
& Rt 8 4001 4
500 R / e
«"l/ 200 | Ve
. -
01 R
0 2000 4000 6000 0 1000 2000 3000 4000
Received examples Received examples
a%a usps
s00] ~~ OGD a 500{ ——  OGD //“
—- KAR 7 —- KAR 7
—— FPOGD RV 4001 — fpoGD 2~
= 6001 s = 7
4&-3 7 ’,/ 300
2400 7 7
() MY o
b4
o e
200 /
o
01 - d
0 1000 2000 3000 0 1000 2000 3000 4000
Received examples Received examples
ijjcnnl mnist
—— 0GD R4
60071 —. KAR R4
7/
= FPOGD . -
2 Rt
5 400 7L
()] e
Q Rl
o 4
2001 /z/’
rd
)—4’/‘/
OA
0 500 1000 1500 2000 0 500 1000 1500 2000
Received examples Received examples
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Figure 2.6: The AUC vs. time comparison of the algorithms in different datasets show
superior performance of the proposed method.

40



2.8 Summary

In this chapter, we introduce a lightweight online kernelized pairwise learning algorithm.
Our approach involves maintaining an online clustering mechanism and using it to calculate
the online gradient based on the current received sample. Additionally, we approximate
the kernel function using a random Fourier mapping. As a result, our algorithm achieves a
gradient complexity of O(sT') for linear models and O(%ST ) for non-linear models, where T’
represents the number of received examples and D denotes the number of random features.

Chapters 4 and 5 take a pivotal turn, applying the principles of pairwise learning within
the innovative framework of SNNs. We dive into the theoretical and experimental aspects of
SNN robustness under normal loss conditions (e.g., cross-entropy) that echo the overarching
theme of enhancing learning methodologies. The insights garnered here not only augment
our understanding of SNN encoding mechanisms, but also illuminate potential pathways
for integrating these robustness principles into pairwise learning scenarios, suggesting a
broader applicability of our findings within and beyond the confines of pairwise learning
paradigms.
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Chapter 3

Limited Memory Online Gradient
Descent for Kernelized Pairwise
Learning with Dynamic Averaging

3.1 Introduction

The online buffer techniques introduced so far have not adequately tackled the sensitivity
of generalization to non-i.i.d. data, particularly in adversarial environments, constraining
their capacity to grasp the intricacies inherent in real-world scenarios. Transitioning to
the examination of generalization bounds, prior research extensively investigated online
pairwise gradient descent with buffers and linear models [90, 52]. These studies establish
a bound of O(1/s + 1/v/T) for this approach. However, it is imperative to acknowledge
that this bound attains optimality primarily when the buffer size s approximates O( VT ).
This aspect poses challenges in scenarios where a smaller buffer size is preferred.

Collectively, these vulnerabilities underscore the need for more research and advance-
ment in the field of online pairwise learning. This effort should encompass addressing the
limitations of 7.i.d. frameworks, conducting a more comprehensive exploration of non-linear
methods, and surmounting the computational obstacles tied to kernel computation. Our
method expands the scope of online pairwise learning to accommodate non-linear data by
incorporating kernelization into the input space. We examine the ramifications of non-
i.i.d. data on regret by evaluating the gradient of both the moving average and a random
sample drawn from the past history. Leveraging random Fourier features, we efficiently es-
timate the kernel while maintaining a sublinear error bound, thus achieving computational
efficiency without compromising performance. Through the integration of kernelization,
kernel approximation, and dynamic averaging, our approach transcends linear constraints,
effectively addresses non-i.i.d. data challenges, and mitigates kernel complexity. As a re-
sult, we establish a robust online pairwise learning paradigm (as illustrated in Table 3.1).
Our principal contributions can be summarized as follows:

e We introduce an online pairwise algorithm for non-linear models, characterized by
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Algorithm Problem Model Scheme i.i.d. Time Comp. Space Comp.

[73] AUC Linear  Online Yes o(T) O(d)
[97] AUC Linear  Online Yes o(T) O(d)
[100] AUC Linear  Online Yes O(sT) O(ds)
[28] AUC Linear ~ Online Yes o(T) O(d?)
[33] AUC Linear  Offline Yes o(T) O(d)
[94] General  Linear  Online Yes o(T) O(d)
[66] General  kernel  Online No O(T?) o(dT)
[49] AUC Kernel  Offline Yes O(TlogT) O(dT?)
[52] General  Linear  Online Yes O(sT) O(ds)
AOGD General  Kernel Online No O(&T) O(D)

Table 3.1: Recent pairwise learning algorithms (7" is the iteration number, d: the dimen-
sion, D is random features, and s is a buffer size), note the time complexity is w.r.t.
gradients computations.

the ability to handle non-i.i.d. data. In scenarios with a wide margin in the kernel
space, our algorithm achieves a sublinear regret with a buffer size of O(1).

e We confront the influence of non-i.i.d. data on regret and introduce a random
Bernoulli sampling strategy to manage and improve the regret rate.

e In the case of the Gaussian kernel, we approximate the pairwise kernel function uti-
lizing a mere O(v/T log T') feature, a significant reduction compared to O(T)) feature
in the literature, while keeping a sub-linear regret bound.

e We validate the effectiveness of our proposed methodology across a range of real-
world datasets and compare its performance with state-of-the-art methods for AUC
maximization.

The subsequent sections are structured as follows: Section 3.2 delineates the problem
setting, Section 3.3 explains our proposed method, Section 3.4 presents the analysis of
regret, Section 3.5 delves into related work, followed by Section 3.6 presents experimental
results, and finally Section 3.7 concludes the chapter.

3.2 Problem Setting

In online learning with pairwise losses, after receiving a new data point z;, a localized error
is used as a performance measure [99, 10]. This error represents the pairing of the new
data point with all preceding ¢ — 1 points. The properties of this localized error depend on
the selected pairwise loss function, illustrated as:

L(wyy) = —— > . z), (3.1)



where w € H represents a linear function mapping, i.e. f,(z) = (w,z). To address memory
constraints, [100] introduced a buffer-based mechanism for local error computation denoted
as Li(w;_1), as explained in Equation 3.2. At each iteration ¢, the buffer, designated as
B;, accommodates a finite set of historical-example indices, and the size of this buffer is
|B;| (or s in the literature).

Li(wi_y) = ‘B%' > (w21, 2). (3.2)

1€ By

This buffer plays an important role in the learning journey, its contents are updated
at each step through diverse strategies that range from randomized methodologies such
as reservoir sampling [100, 52] to non-randomized approaches exemplified by FIFO [91].
However, despite the wide adoption of these sampling techniques, there exists a discernible
research void in understanding their implications within the context of mon-i.i.d. online
examples. It is imperative to highlight that the issue of buffer size and its update methods
becomes pronounced when dealing with adversarial environment scenarios. The choice
of buffer size and sampling strategy can significantly affect the model’s performance and
ability to generalize in the case of non-i.i.d. data streams.

In our pursuit of addressing the intricacies inherent in complex real-world data, our
online pairwise approach takes into consideration the mapping of both the hypothesis and
the data to a Reproducing Kernel Hilbert Space (RKHS), denoted as H. The associated
Mercer pairwise kernel function, denoted k : X* — R, adheres to the reproducing property
(ks 9) = g(x,2’), where z,2' € X? and g € H. In particular, for scenarios involving
pointwise hypotheses with pairwise losses, such as AUC loss, the kernel function is stream-
lined to k : X? — R. The expanse of H encompasses a spectrum of linear combinations
encompassing functional mappings k. |(x,2’) € X? and their limit points.

In our quest to circumvent the computational intricacies associated with kerneliza-
tion in the online realm, we employ the resourceful apparatus of random Fourier features
(RFF) as a pragmatic approximation for the Mercer kernel function. RFF introduces a
lower-dimensional mapping r(-), which serves as an approximation of the kernel function,
denoted as k(-). This approximation empowers us to execute computations through linear
operations, culminating in a significant reduction in computational overhead. The domain
defined by the novel kernel functions finds its place in the realm of . It is worth mention-
ing that earlier investigations have explored the precision of random Fourier approximation
within pointwise and offline settings. As we navigate the online landscape, the minimum
number of random features necessary to ensure sublinear regret has been determined to
be O(T). Our method introduces a novel error bound for pairwise predicaments, based
on the utilization of merely O(v/TlogT) random features (elucidated in Section 5 for
comprehensive details).

3.2.1 Assumptions

In addition to the assumptions introduced in chapter 2, we add the following chapter
regarding the lipschitz continuity:.
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Assumption 4 (Lipschitz Continuity) Assume for any z,2’ € Z, the loss function
0(-,z,2") is G-Lipschitz continuous, i.e. Yw,w' € H,

(w, z,2") —l(w', z,2")| < Gllw—w'|,.

3.3 Methodology

In light of the core problem we aim to address, namely the computational complexity
arising from the necessity to accommodate all preceding examples in the local error com-
putation, our proposed methodology centers around mitigating this challenge. We begin
by suggesting the utilization of a moving average of previous examples, thus alleviating
the burden of handling the complete historical dataset.

However, it is imperative to note that the simple average approach may lead to mislead-
ing outcomes, especially when the data exhibit high variance distributions. Recognizing
this potential limitation, we introduce a corrective measure to enhance the reliability of the
average-based gradient. This correction mechanism involves introducing a random point
from the historical loss, enhancing the robustness of the gradient estimation, and amelio-
rating the impact of potential average imbalances. This comprehensive strategy effectively
addresses the issues associated with handling the entire historical dataset, while also ac-
counting for data distribution complexities that can skew results and, most importantly,
does not require the i.i.d. assumption. Another parallel research that addresses the high
variance in the buffer has recently been proposed [5], however, with O(s) complexity.

Indeed, the loss function we seek to minimize can be formulated as a linear combination
of two distinct losses: one based on the moving average and the other on a randomly chosen
example. However, it is important to recognize that minimization of this combined loss does
not inherently guarantee minimization of true local loss. This discrepancy arises because,
at the optimal solution where the gradient is zero, the gradients of both components remain
nonzero, depending upon the linear coefficient constant.

To navigate this challenge, an alternate strategy is studied to minimize both losses.
In essence, we proceed by iteratively taking steps using the average-based gradient and
then employing the random gradient on the transition model derived from the previous
step. This alternating optimization strategy accounts for the intricate balance between the
two gradient components and fosters a dynamic convergence process. Furthermore, the
iterative method ensures that the gradients based on average and random are adequately
taken into account in the optimization process. Loss minimization after receiving new
examples z; can be formulated using the average z = (Zf: = i1 |ye—1 # y) and the
random sample Z from {z1,..., 21}, as follows:

min/ (w — n,Vl(w, z, 2), 2, 2) (3.3)

where 7; is the step size. As detailed in the subsequent section, the magnitude of the step
taken in the second update is contingent on both the variance of the data and the smooth-
ness of the loss function. Interestingly, when the variance is negligible, the step taken based
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on the average gradient is deemed adequate, rendering the random step unnecessary. The
objective function can make more sense if we use the second-order Taylor expansion after
denoting ¢(-) = ¢(-, z, 2) and £(-) = (-, z;, Z) as follows:

0w — Ve w, 2, 2), 2, 2) = L(w) — n,VE(w)TVE(w) + 2 VEI(w) V2(w)VEi(w).  (3.4)

Hence, the process of minimizing the objective function involves addressing three integral
components. First, we endeavor to minimize the loss associated with randomly selected
examples. Then, leveraging the convex nature of the loss function and the positive defi-
niteness of its Hessian, the third term—strictly non-negative in nature—ensures that the
gradient of the average-based loss is minimized. Of paramount significance is the role of
the second term, which guarantees that the gradients of losses, both average-based and
random-based, exhibit a maximum inner product. This intricate interplay is crucial to
correcting the moving average gradient, particularly in scenarios involving highly skewed
distributions.

To handle the intricate patterns of real-world data, our approach to online pairwise
learning involves a fundamental assumption: Both the hypotheses and the data are trans-
formed into a specialized space known as a Hilbert space, denoted as H. This space is
equipped with a specific type of kernel, called a Mercer kernel. Essentially, this kernel is
a mathematical function that captures the relationships between the data points. This
Hilbert space has two key attributes: First, it can reproduce the values of the kernel func-
tion, and second, it encompasses various combinations of these kernel functions along with
their complete structures.

When we apply traditional buffer-based pairwise algorithms in an online setting, the
kernelization process comes with a complexity that grows as O(T?s), where s represents the
size of the buffer—a rather unwieldy task for larger problems. To address this challenge,
we introduce a method that approximates the kernel function using a simpler approach.
We assume the existence of a lower-dimensional mapping, represented as r : X2 — RP.
This mapping enables us to simplify the calculations of the kernel function, significantly
reducing the complexity of the process. This simplified approach is achieved using what
are known as random Fourier features, which are derived from the mathematical Fourier
transform. Although these techniques have been studied in previous studies, our focus is on
adapting them to the online setting, and we establish that as few as O(v/T log T) random
features are enough to achieve effective results. Our method is introduced in algorithm
2 for general pairwise learning, and it includes the Gaussian kernel approximation using
random Fourier features. In the upcoming section, we dive into the performance of this
online algorithm and dissect its regret into two distinct components: the first is a direct
result of learning a model from an online stream of examples, and the second arises from
the approximation of the kernel function.

3.4 Regret Analysis

The regret incurred by the online algorithm relative to the optimal hypothesis in the
original space H, denoted as w* = arg min,cy Zthz L;(w), when applied to a sequence of
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Figure 3.1: The incoming point z; from the left are transformed through kernelization and
RFF's to a new space. Subsequently, they are averaged and added to the buffer along with
random point using either a FIFO strategy or with a probability-based approach.

T examples, is formally expressed as:

R =Y Li(w_1) = Ly(w"). (3.5)

t=2

In the context of this equation, the local all-pairs loss L;(-) is defined according to Equa-
tion 3.1. To go deeper, we can decompose the regret represented in Equation 3.5 by
introducing the best-in-class hypothesis within the approximated space H, denoted as
@W* = argmingcg S,y Li(w). This decomposition takes the form:

T T T T
Rw*,T = Z Lt(wt—l) — Z Lt(ﬂ)*) + Z Lt(w*) — Z Lt(w*) . (36)
\t*Q t=2 P lﬁ:Z t=2 P
Ty T

In our analysis, we provide a bound for 7} in Theorem 5, followed by an error bound for
T, in Theorem 6. By combining these bounds, we derive the regret bound for Algorithm 2
as follows:

Theorem 4 Let {z; € Z}L | be sequentially accessed by Algorithm 2. Let D denote the
number of random Fourier features in the kernel mapping from the original space X C
R Let n be first step size, v = O('M;n) the second step size, and G the Lipschitz
constant. Then the regret bound compared to w* = arg mingey Sy, Li(w) is bounded with

a probability of at least 1 — 28 <M> exp(—De?/(4d + 8)), as follows:

—% |2
Rur < GT||w*||1e + ”I;—” + 29G*T, (3.7)
n

where € denotes the kernel approximation error, o signifies the kernel width, T' > tr(cov[z]),
and My : M (wy) stands for the smoothness parameter of £ in the neighborhood of w;.
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Algorithm 2 Average Online Gradient Descent (AOGD)

Require: Random feature size D, initial solution w; € H, initial average and random
example z = 2 € RP, kernel function k and its Fourier transform P(u), probability p,
step sizes 7,y and .

1. Sample Fourier feature {ui}i/f ~ P(u;)
2: fort=2,...,7T do
3:  Receive a new example 2z, = (z4,y) € 2
4:  Map to the new space:
= (o lsin(ul ), cos(ul )] )
VD
5. Suffer loss £(wy_1, 2, Z) )
6:  Update model w; = w1 — 0, V€(w;_1, 2, 2)
7. Suffer loss ((wy, 2, 2) R
8:  Update model w; = w; — v Vl(wy, 2, 2)
9:  Update the moving average and the random example,
s zx(t—1)+ 2z
t
Z < z if Bernoulli(p) =1
10: end for

11: return wr

Remark 5 Selecting n = \/LT and € = \/LT results in a sublinear bound, which is optimal.

In particular, D = O(T) in general, yet it can be as low as VT logT for specific kernels.
Furthermore, since v = O(I'Myn), the regret depends on the variance of the data and the
smoothness of the loss.

3.4.1 Regret in the Approximated Space

Prior approaches (e.g., [52], [L00]) aimed to attain uniform convergence of buffer loss of-
ten relied on the assumption of i.i.d. examples. These methods also require maintaining
uniform samples from historical data through a Bernoulli process with diminishing prob-
abilities that eventually approach zero. Moreover, achieving such uniform convergence
required a disentanglement between the model and the buffer to ensure the validity of the
expectation. For instance, while [100] employed Reservoir sampling to enforce a buffer
i.i.d., they overlooked the interaction between the model and the data. Similarly, [52]
utilized modified reservoir sampling and Symmetrization of Expectations to address these
challenges. However, their approach required a buffer size of O(ﬁ ), which is impractical
for larger-scale scenarios. In contrast, [94] accomplished sub-linear regret with a buffer size
of one, focusing on local loss. However, their assumption of a fully ¢.i.d. training set is not
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in line with real-world online situations. Our forthcoming theorem obviates the necessity
for the 7.1.d. assumption by combining moving averages and individual random points.

As explained previously, in each iteration, a single moving average is used to determine
the direction of the gradient, which establishes a connection to the all-pairs loss without
relying on the 7.i.d. assumption. This is followed by a step involving the gradient of a
random example. In particular, this sample should not be uniformly chosen from historical
data. If we denote the moving average based loss as L;(w;_;), then using the convexity
of () and the linearity of models in H, we have L;(w; 1) < L(w;_1) or Li(w; 1) =
L(w;—1) — g(t) where g(t) > 0 is Jensen’s gap. The gap is first bounded in lemma 3 using
the smoothness constant and the variance of the data. Note that since the model is linear
in the space H, the smoothness assumption holds for loss gradient w.r.t. z. Therefore, we
can provide the following bound in Theorem 5.

Theorem 5 Assume that assumptions 4,1, and 2 hold. Let [w, be the sequence of

models returned by running the algorithm 2 for T times using the online sequence of data.
o ) T

Then if w* = argmin,cq » ,_o Li(w), we have

T

T (|2
> Li(wi) <Y Li(wt) + o 27G>T. (3.8)
t=2 t=2 277

Note that T' > tr(cov(z]) where cov|z] is the covariance of the received examples, and M,
is the smoothness parameter of the loss function.

3.4.2 Proof of Theorem 2

Given the linearity of the model, expressed as f,(z) = (w,x), the convexity of the loss
function in the weight variable w implies convexity in the input variable. In other words, the
linearity of the model suggests that if the loss function is convex with respect to the weight
variable w, it will also exhibit convexity with respect to the input variable. This connection
further reinforces the relationship between the convexity of the loss function, the linearity of
the model, and the convexity properties in both the weight and input variables. Therefore,
given the convexity property of the loss function ¢, upon arrival of a new example z;, the
loss based on the average, denoted as z := (E[z|y # w],y) = (Zf: L YY1 # U),
can be linked to the local all-pairs loss using Jensen’s inequality as follows:

[y

t—
1

€(w,zt,2) S m ﬁ(w, Zt,ZZ‘). (39)

t=1

Alternatively, representing the average-based loss as L(w) and the cumulative loss as
Lw) =& S l(w, 2, i), we introduce a slack variable at w = w;_; as follows:

Ly(wt = 1) = L(w;—1) — g(t). (3.10)
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Here, g(t) > 0 denotes Jensen’s gap. This relation establishes a mathematical connec-
tion between the average-based loss and the all-pairs loss through the introduction of this
slack variable. Furthermore, it should be noted that this gap can be bounded by leveraging
the smoothness of the loss function and considering the variance inherent in the received
variables, as demonstrated in Lemma 3.

Lemma 3 Given that the data {z1,..., 2} are linearly separable and have bounded total
variance, i.e. T' > tr(cov(z]) and a loss function with M, : M (w,;) smoothness parameters
at w = wy, the Jensen gap can be bounded as follows:

o(t) < %th. (3.11)
Proof 5 Given that the loss function {(wy_1) is M;-smooth, and considering the linearity
of the model in the approzimated space H, expressed as f,(x) = (w,z), it follows that if the
function is smooth in w, it is also smooth in x (or z in our context). Let Q := z1,..., 21
represent the set of historical examples. Define z := (Elx|y # v, y) where the expectation
s taken with respect to the uniform probability over the set (). Ulilizing the smoothness
property of £ from assumption 1 and considering expectations:

M
Cwi_1, 26, 2) < U(wi_1, 26, 2) + Vol(wi_y, 2, 2) (2 — 2) + Tt(z —2)T(z - 2)
M,
E-l(wi-r, 2, 2) = (w1, 2, %) SEVallwir, 2, 2)7 (2 = 2) + B (2 = 2)7 (2 = 2)
- M
L(wi1) — L(ws_y) < BV (w1, 2,2) (2 — 2) + ]Eth(Z -2 (z—2)
d
M M
= _tEZHZ_ZHQ: _th (Zi_zi)Q
2 2 -
M; & M; & M
M _\o My AV
=3 ;Ez(zi —Z) = 51 ; Var(z] = Ttr(cov[z]).

Replace the expression for g(t) to derive the results.

It is important to note that tr(cov|z]) denotes the trace of the covariance matrix related
to the variable z (or the feature x of z). We will colloquially refer to this as the total
variance. Next, we present the following lemma, which provides an upper bound on the
buffer loss (based on the average), before we establish the regret bounds for the all-pairs
loss in Theorem 2.

Lemma 4 Assume that assumptions 4 and 2 hold. Let [w;]_, be the sequence of functions
returned by running Algorithm 1 for T times using the online sequence of data. Then if
[ . T .

w* = argmin,cqz ¥ ,_, Li(w), we have the followings:

T T N2 T
_ _ w N s
E Li(w;_q) < E Li(w") + H 277” +vG*T — E %vtT(wt_l —w"). (3.13)
t=2 t=2 t=2
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Proof 6 Let 0,(-) = (-, z,2) be the loss based on the average of history examples, where

= (Ez|y # yi, y) and the expectation is w.r.t. uniform probability over previous examples
, and v, € Oly(wy_y) then the first update is w} = w;_ 1 — 0. Let ft( ) = (-, 2, 2) where z
is a random sample from {z,...,z_1} . Let o, € 0, (w)). If we take the distance of two
subsequent models to the optimal model, we have:

Hm—@WﬁWm1—WW=WMI—Mm+%m—ww%le—ww
= lwiy — @] = 24Ty + 00)" (wemr — W) + 57T + Ol|* — |Jwimy — @F|
= 200, + 20)T (wiey — @) + ][0+ 25
Mt Ui
g—%ﬂﬂwA—w)—%MOwﬂ—&()Hmmw+%ww

(b) _ _
< —2%@;[(7%—1 —w*) = 2n(Ce(we—1) — L(w™)) + 27 G2,

where inequality (a) implements assumption 2, i.e. —v] (w;_1 —w*) < —(gs(wi_1) —ge(w0*)).
And inequality (b) implements Assumption 1, i.e. ||VL(-)|| < G. Setting the step size gy = n
and v =y for all t, we can get:

Uwi—1, 2z, 2) — (0", 2z, Z)

o Nwiy = @2 = Jfw, — @]

G? — Lo (wy_q — @), 3.14
< o + n p (Wi — ") (3.14)

Finally, if we sum fromt =2 tot =T and set w, = 0.

- S < P~ Jjwor — a2 o 4
Zf wt 15 2t 2 ZE w 2, 2) S 9 Z Z—Ut wt—l —w )
t=2 t=2 77 t=2 t=2
|| ||2 2 7y B
+G*T — Z Tlw,_y — @), (3.15)

Substitute the definition of L;(-) = ((-, 2, Z) to have the results. This completes the proof.

Now we are ready to prove Theorem 2 using the previous two lemmas.
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Proof 7 Starting from the Lemma 2 finals inequality:

. ‘*||2

+vG*T — Z—vt w1 — w")

T
SZLt( )+ H H +~vG*T — Z_Ut (wi—q — w™)

t=2
T T T
* (b) U_)* 2 M z — %
D Li(wi) =) Ly(w*) < |2 | +7G2T+27t1“ I0wh, 2, )T (wpy — @)
t=2 t=2 n t=2 n
12 T
c M,
© HHQJUH +~vG*T + Z th - %Vﬁ(wg, 2, ) (W), — w* + Vel (w1, 2, 2))
t=2
O [ .
<, e T+Z F——HVE(wt,zt, 2)|
=2

—VVK(wt,zt, ) Vé(wt 15 2t, Z)
||

;H

+27G2T+Z—F——\|V€(wt,zt, I, (3.16)

t=2

where inequality (a) implements the convezity of the loss, inequality (b) implements Lemma
3, equality (c) implements update w; + NV (wi_1, 2, Z) = w1, inequality (d) implements
the smoothness of the loss, and (e) is the cauchy inequality. Finally choosing the second step
size to be v = O(I'M;n) makes the last two terms term cancel out, for any random example
Z. Note that T' > tr(cov[z]) where cov|z] is the covariance of the received examples, and
M, is the smoothness parameter of the loss function.

3.4.3 Approximation Error for Random Features

The kernel associated with the space H is a function defined as k : X2 x X? — RT with a
shorthand k; .)(-) := k((z,2), (+,-)) and can be constructed given any uni-variate kernel
G for any xy, xo, ), b, € X as follows:

k($1,$2,$’,1, l'/2) = g(xlv xll) + g($2a x/2) - g<x1’ ‘ZJQ) - g(l‘%x,l) (317)
- <gx1 - gmgygaz’l - gx’2>g

The pairwise kernel k defined earlier demonstrates positive semi-definiteness over X2. This
property aligns it with the attributes of a Mercer kernel, as indicated in references such as
[98], when G exhibits such characteristics over X. We further assume that there exists a
lower-dimensional mapping r : X + R, such that G,(-) ~ r(x)Tr(-)

The literature extensively explores the accuracy of approximating the pointwise kernel
G using random Fourier features, as discussed in references such as [70], [7], and [64]. For ex-
ample, if the kernel is the Gaussian kernel, i.e., G(z—2') = \/ﬂd exp —(z — ') [diag(o)|(z — 2'),
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we have p(u) from the Fourier transform to be p(u) oc N'(0, diag(c)) where o € R? is the
width of the kernel. Thus, kernel G can be given by a Monte Carlo estimate as follows:

D/2
5 2
G(z,7') = 5 Zl cos(u; (z — ') = (r(z),r(a")), (3.18)
where u; ~ N(0,diag(0)), and r(z) := \/;%[cos(u?x), sin(ul, x)]?:/f. The quality of the
estimation is given by [76] to be dependent on the number of random features D used to

approximate the Fourier transform, which can be extended to pairwise kernels as illustrated
in the following corroallary.

Corollary 2 Given 11,2, 7}, 7y € X, and the pairwise kernel k defined in X* x X?, the
random Fourier estimation of the kernel has a mistake bounded with probability at least

1 —8exp _[2)26 as follows:

’k(m,wz)(ajlh ZE;) - k(m,dfz)(x,lv l’/2>| <e

The following theorem bounds the random Fourier error in equation (3.6) using the results
of corollary 2.

Theorem 6 Given a pairwise Mercer kernel k(; .y = k((x,2'), (-,-)) defined on X* x X2,
Let l(w, z,2") be a convex loss that is Lipschits continuous with constant G. Then for any
w* = ij# a; ik, z;), and random Fourier features number D we have the following with
probability at least 1 — 28 (M) exp(—De?/(4d + 8)),

T T

D Lw*) =Y L(w*) < GT|[w*||ye, (3.19)

t=2 t=2
* T *
where |lw*|[y = Zi,j;éi |a’i,j|'
Remark 6 A trade-off exists between ||w*||; and e when independent support vectors are
in the kernel space (|a;j| > 0). In such cases, a larger error requires a smaller €, implying

a larger D. Regularization can set insignificant support vectors’ a; ; to zero, a subject for
potential future research.

3.4.4 Proof of Theorem 3
The proof depends on the main claim of [76], we rewrite the results here.

Lemma 5 (Claim 1 [76]) Given z,2" € X, and kernel G defined on X x X, we have the
following bound on the error of the approrimation G using random Fourier characteristics
D,

P (|Q(m,x/) —G(z,2")| > e> < 2exp (_12_)62) . (3.20)
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The following Corollary bounds the error of the pairwise kernel defined in equation
(1.7) using main theorem in [76].

Corollary 3 Given x1, 22,2}, 25 € X, and pairwise kernel k defined on X? x X?, the
random Foum'er estimation of the kernel has an error bounded with probability at least
1 —8exp —=—= =D% g follows:

~

sup |k(w1712)(x&7 l’é) - k(a?l,m)(x/hxéﬂ S €.
xi,xteX

Now we are ready to prove Theorem 3, where we start by the difference of the loss between
the model w* and w*,

Proof 8
T T T il T t—1
ZLt<w*) - ZLt<w*) = Z t——l . g U) thZl Z t—14 14 w*a Zt7zi)
t=2 t=2 t=2 i=1 t=2 i=1
o I
< Z 1 Z (w7, 24, 2i) — L(w", 21, 2) ]
t=2 =1
b I L
<> 1 > Gl = w2, (3.21)
=2 i=1

where inequality (a) implements the triangle inequality, and inequality (b) applies assump-
tion 1 and || - |2y = | - ||2- )
Using the Representer theorem and assumption 3, we assume that the space H and H are
dense in L*(p) (the space of square integrable function under the probability distribution of
the received examples), then we can approximate any function in H by a function in L3(p),

i.e. without loss of generality we assume that w* = Z; 11,#] mkzt,z“ then we have:

t—1
||'LD* - w*||L2(p) = || Z a;,k(kzt,zi - kzt,zi) |L2(p)7 (322)
J=1k#j
and using the triangle inequality we have:
T T T
ZLt(U_J*> - ZLt(w*>§ Z Sup G Z ”O‘Jk sz — Keoz) | 22(0)
t=2 =2 = ToTEX s
. T t—1
<> G o le < GTJw"||se, (3.23)

where inequality (c) implements corollary 3, and ||w*||; = ZZ#Z. |a; ;|-
This completes the proof.
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3.5 Related Work

While online gradient descent exhibits a time complexity of O(T?) [10, 52, 28], this remains
impractical for large-scale problems. For example, in AUC maximization, pairing a data
point x4,y = 1 with all previous xy,ypy = —1|1 <t <t —1 to determine the true loss
poses a key challenge. This approach requires computing gradients VLt(ft — 1) for all
training examples received, which grows linearly with ¢.

Buffer-based methods have been explored in the literature to address this challenge.
[100] introduced buffers B, and B_, each of size N, and N_, considering only points within
the buffers at each step t. Reservoir Sampling updates the buffers while ensuring uniform
sampling. Theorem 1 in [100] establishes sublinear regret related to buffer sizes. However,
this work is limited to AUC with linear models and does not explicitly address the impact
of buffer sizes on generalization error.

In contrast, [52] proposed modified reservoir sampling (RSx) by performing s Bernoulli
processes with probability 1/t to replace each buffer point with the received data point.
This approach ensures that the s data points are i.i.d. samples of the stream and inde-
pendent of w, with the generalization bound depending on Rademacher complexity and
regret. However, optimal generalization requires s = O(\/T ) for buffer loss.

Recently, [91] suggested an optimal generalization with a buffer size of s = 1, assuming
i.9.d. data and independent buffer-data relations. Their work aligns with ours, but we
remove the 7.1.d. assumption for convergence proof and consider non-linear model spaces.
Moreover, the next chapter addresses the case of high variance in the buffer.

3.6 Experiments

We perform experiments on several real-world datasets and compare our proposed algo-
rithm to both offline and online pairwise algorithms. Specifically, the proposed method
is compared with different pairwise algorithms on the AUC maximization task with the
squared function as the surrogate loss.

3.6.1 Experimental Setup

Compared Algorithms. The compared algorithms including offline and online settings,
as illustrated below,

e SPAM-NET [77] is an online algorithm for AUC with square loss that is converted
to a saddle point problem with non-smooth regularization.

e OGD [94], the most similar to our algorithm but with a linear model, that uses the
last point every iteration.

e Sparse Kernel [19] is an offline algorithm for AUC maximization that uses the kernel
trick.
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Figure 3.2: The AUC vs. time comparison of the algorithms in different datasets shows
superior performance of the proposed method.
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Dataset AOGD SP-NET OGD S. Kernel Proj.++ Kar
diabetes 82.68+0.18 82.03+0.32 82.53+0.31 82.64+0.37 77.92+1.44 79.8540.28
ijennl 92.25+0.12 87.01+0.10 83.46+1.25 71.13£0.59 92.2040.27 83.44+1.21
a9a 90.01£0.05 90.024+0.08 88.414+0.42 84.204+0.17  84.42+0.33 77.93+1.55
mnist 96.98+0.38 96.57+0.54 89.56+0.34 95.21+£0.15 93.8240.15 89.16+0.14
rcvl 99.29+0.23 98.13+0.15  99.05+0.57 96.26+0.35 94.54 +0.36 97.78 £0.64
usps 92.76+0.28 85.12+0.88 92.88+0.47 91.254+0.84 90.14 £0.22  91.584+0.25
german 80.75+0.48 76.89+2.46 84.20+£0.54 80.11+0.44 78.44 +£0.66 84.21+0.45
Reg. Iy 1 + 19 Iy Iy lo lo

Table 3.2: AUC maximization results (average 4 standard error)x 10% using different batch
and online algorithms on different datasets

e Projection ++ [13] is an online algorithm with an adaptive support vector set.

e Kar [52] is online algorithm with buffer of size s.

Implementation. The datasets of investigation are available on the LIBSVM website
[11]. The experiments are validated for all algorithms by performing a grid search on the
hyper-parameters with three-fold cross-validation. For example, in all algorithms the step
size n € 27871 and the regularization parameters A € 10-%~1_ All algorithms have been
run five times on different folds on a CPU of 4 GHz speed and 16 GB memory.

3.6.2 Experimental Results and Analysis

Our results on maximizing the area under the curve (AUC) using a squared loss function
verify the efficacy of our random Fourier pairwise online gradient descent procedure. Table
2 shows that when compared to online and offline, linear and non-linear pairwise learning
algorithms, our algorithm achieves improved AUC performance on large-scale datasets.

Figure 1 displays the AUC performance relative to CPU utilization. The results of
ijennl and mnist show that, compared to other state-of-the-art online pairwise learning
methods, our algorithm not only has better AUC performance but also has a faster con-
vergence rate. Compared to the two most popular kernel algorithms, Sparse kernel and
Projection++, our technique provides superior AUC performance across the board. Pro-
jection++ is impractical for large-scale datasets because of its hyper-parameters and the
requirement to regularly update a support vector set.

3.7 Summary

In summary, our work introduces a lightweight online kernelized pairwise learning algo-
rithm applicable to both linear and non-linear models. The algorithm efficiently computes
the online gradient using a moving average and random examples, with the kernel function
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approximated through a random Fourier mapping. Achieving a gradient complexity of
O(T) for linear models and O(£T) for non-linear models, our approach showcases com-
putational efficiency. The incorporation of multiple moving averages, a potential avenue
for future research, could further enhance adaptability and robustness. In particular, we
address the challenges of non-i.i.d. data by dual evaluation of gradients, leveraging random
Fourier features for efficient kernel estimation with a sublinear error bound. This integra-
tion of kernelization, approximation, and dynamic averaging transcends linear constraints,
effectively tackling non-i.i.d. data challenges and mitigating kernel complexity.
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Chapter 4

Manifold Metric Learning with
Spiking Neural Networks

In this chapter, we introduce a novel strategy for deep metric learning, transitioning from
shallow models to deep networks. We leverage spiking neural networks (SNNs) and exploit
the temporal dimension to encode high-dimensional data. Our method employs binary
encoding with fixed 8-bit steps to efficiently represent integers ranging from 0 to 255,
resulting in low latency processing while preserving accuracy. We demonstrate the effec-
tiveness of our approach on benchmark datasets including CIFAR-10, CIFAR-100, and
MNIST, achieving superior performance compared to state-of-the-art methods. A key
contribution of our work lies in the utilization of the temporal dimension within the SNN
framework. By introducing a specialized loss function, we ensure that the temporal dy-
namics of the network is utilized effectively, treating each time step as a distinct entity.
This approach enables the creation of a metric space manifold that captures the intricate
relationships between data points, leading to enhanced discriminative capabilities and im-
proved accuracy. Furthermore, our method offers a comparable results of online algorithm
(online complexity) to hard-sampling (quadratic complexity) of deep metric learning tech-
niques with SNNs, capitalizing on the unique properties of the moving average-algorithm
to achieve superior performance.

4.1 Introduction

Deep metric learning has emerged as a powerful paradigm for learning similarity metrics
directly from data, allowing applications such as image retrieval [19], object recognition
[67], and clustering [78]. Traditional deep metric learning approaches often rely on standard
Artificial Neural Networks (ANNs), which have shown success but are computationally
intensive and lack biological plausibility. On the contrary, SNNs have garnered increasing
interest due to their potential for low-power, event-driven computation and their ability to
emulate the spiking dynamics observed in biological neural systems [29].

The utilization of SNNs in deep metric learning offers several advantages over tradi-
tional ANNs. First, SNNs operate on a spike-based communication mechanism, enabling
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Figure 4.1: The t-SNE visualization [37] illustrates the evolution of SNN-based embeddings
at each step of the temporal dimension when binary encoding is used. The distinct patterns
observed at each step highlight the dynamic nature of the embeddings as they progress
through time.

efficient event-driven processing that is well-suited for low-power hardware implementations
[95]. This characteristic makes SNNs particularly appealing for applications in resource-
constrained environments, such as mobile devices and embedded systems. Furthermore,
the temporal dynamics of the spiking activity in SNNs can encode rich information about
input data, leading to increased representational capacity and improved discriminative
capabilities, as illustrated in Figure 4.1.

In contrast to the fixed processing patterns of traditional neural networks, spiking
neurons introduce a dynamic element to their computations. This dynamics, often referred
to as inference latency, characterizes its ability to sustain and update their state over time as
membrane potential. This potential evolves with each instance of input, typically arriving
as weighted spikes. When faced with a static input x, the network must devise a strategy
to transform it into a temporal sequence of spikes. This poses an intriguing challenge,
prompting the exploration of various encoding techniques. One such method is the direct
encoding approach, also known as constant encoding [35]. Here, the value of x is duplicated
recurrently 1" times. This replication essentially treats x as the input potential of the initial
layer of neurons, ultimately generating a series of sequential spikes. Alternatively, the rate
encoding technique, which draws inspiration from biological phenomena [26]. When z falls
within the interval [0, 1], the objective is to approximate its intensity by manipulating the
rate of spike generation. Using a Bernoulli distribution, 7" binary spikes are emitted, their
cumulative count serving as an approximation of the input’s intensity. Finally, the time-
to-first-spike approach offers a unique perspective [13]. Here, a single spike is generated
with its precise timing that encodes the intensity of the input pixel.

However, none of the mentioned encoding methods, except the last one, effectively
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conveys information throughout the temporal dimension. Even though the last method
utilizes time as a dimension, it struggles to encode information with minimal latency,
posing challenges in the decoding process, especially in the final layer. In this context, we
explore an alternative encoding technique that lies between constant encoding and rate
encoding. Here, the true information contained in the static input is encoded into a spike
train. However, the entire train is required to fully recover the information.

In our study, we introduce an innovative method for deep metric learning that capital-
izes on SNNs and fixed-bit binary encoding. This approach enables the efficient encoding
of high-dimensional data while maintaining accuracy. Utilizing binary encoding has gar-
nered significant interest in recent times due to its promise for low-latency processing and
memory-efficient data storage in the conversion from ANNs to SNNs [03]. However, to
the best of our knowledge, our research marks the first dedicated attempt to directly train
SNNs using binary encoding. By representing integers using fixed 8-bit steps, binary en-
coding enables compact and efficient representation of numerical values, making it suitable
for real-time inference tasks. The key contributions of our work can be summarized as
follows:

e Integration of SNNs with Fixed-Bit Binary Encoding: We propose a novel framework
that combines the strengths of SNNs with fixed-bit binary encoding for deep metric
learning. By utilizing binary encoding with fixed 8-bit steps, we achieve low-latency
processing without sacrificing accuracy, making our approach well-suited for real-time
inference tasks.

e Exploitation of Temporal Dynamics: We introduce a specialized loss function that
leverages the temporal dynamics of SNNs for deep metric learning. By treating each
time step differently and capturing the temporal relationships between data points,
we improve the discriminative capabilities of the network and improve performance
on benchmark datasets.

4.2 Related Work

The fundamental principle underlying the loss of cross-entropy is to minimize the differ-
ence between the true conditional distribution and the distribution inferred by the machine.
However, given that the true distribution is frequently unknown, it is commonly approxi-
mated using a one-hot vector, which may not consistently provide accurate results. Several
research studies have examined the limitations of cross-entropy loss, highlighting its vul-

nerability to noisy labels [72], susceptibility to adversarial examples [11], and difficulties
in generalization, particularly in scenarios beyond traditional classification tasks, such as
zero-shot learning [39], where data remain unseen during training.

Deep metric learning has witnessed significant advancements in recent years, with vari-
ous methods proposed to learn discriminative embeddings directly from data. Contrastive
losses are a crucial component in learning representations for various tasks. They can be
categorized into pairwise and triplet losses. In pairwise contrastive loss, the objective is
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to adjust the distance between pairs of samples based on their similarity. By increasing or
decreasing this distance, the model learns to differentiate between similar and dissimilar
pairs more effectively. On the other hand, triplet loss operates simultaneously on three
samples: an anchor, a positive example (similar to the anchor), and a negative example
(dissimilar to the anchor). The goal of triplet loss is to minimize the distance between the
anchor and the positive example while simultaneously maximizing the distance between
the anchor and the negative example. This encourages the model to embed similar samples
closer to each other while pushing dissimilar samples apart.

The concept of contrastive losses originated in unsupervised learning settings, where
data augmentation techniques are used to create pairs or triplets of samples with known
relationships [85]. By training the model to distinguish between these relationships, it
learns to capture meaningful features and representations from the data. In a supervised
setting, similarity is enforced by the labels of the data. Traditional approaches such as
contrastive loss [39], triplet loss [12] and margin-based losses such as margin triplet loss [10]
and N-pairs loss [23] have been widely adopted. These methods excel in capturing complex
relationships between data points, making them invaluable for tasks like image retrieval,
face verification, and person re-identification. However, leveraging pairwise distances incurs
a computational cost that scales at least quadratically (O(n?) with N denote the number
of examples) in contrastive losses. In practice, researchers address this challenge through
techniques such as hard negative mining. This method involves excluding easy pairs from
a batch of examples, thereby optimizing the efficiency of contrastive learning algorithms.
Several studies in the field have explored and proposed various strategies to mitigate the
computational overhead of pairwise approaches [$2, 38, 24, 27].

In recent years, there has been a growing interest in leveraging SNNs for deep learning.
SNNs offer the promise of low-power, event-driven computation and are capable of captur-
ing the temporal dynamics inherent in the data. Two main approaches to training SNNs
have emerged: surrogate training [7/] and conversion training. Surrogate training methods
involve updating the weights of the SNNs through a differentiable activation function in
the backward loop. In contrast, conversion training methods, as discussed in [1(], focus on
optimizing SNNs by leveraging pre-trained ANN models.

Despite the potential of SNNs in capturing temporal dynamics, existing encoding meth-
ods often neglect the temporal dimension. Popular techniques such as binary encoding and
quantization treat each time step equally, disregarding valuable temporal information en-
coded in the data. This oversight limits the discriminative power of encoding methods,
especially when dealing with high-dimensional data. In this paper, we address these limi-
tations by proposing a novel approach to deep metric learning that combines the strengths
of SNNs with fixed-bit binary encoding. By harnessing the temporal dynamics of SNNs
and incorporating fixed-bit encoding, we aim to achieve high accuracy in the low latency
of real-world applications.
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4.3 Background

In the field of mathematics, a metric space is a fundamental concept that provides a formal
framework for measuring the distances between points within a set. Formally, a metric
space is defined as an ordered pair (X, M), where X is a set, and M is a metric function that
assigns a non-negative real number to each pair of points in X', satisfying certain axioms
such as non-negativity, symmetry, and the triangle inequality. In practical applications such
as machine learning, where the goal is often to make sense of data and extract meaningful
patterns, the notion of distance plays a crucial role. However, traditional metrics may not
adequately capture the underlying structure of the data, particularly in cases where the
relationship between data points is complex and non-linear.

4.3.1 Supervised Metric Learning

To address this challenge, researchers have turned to the field of metric learning, which
aims to learn a distance metric directly from the data. In metric learning, the goal is to map
the data to a new space where examples from the same class have a small distance between
them, while examples from different classes are far apart. By doing so, we can effectively
learn a metric that measures the similarity or dissimilarity between points, taking into
account the labels associated with those points. In the realm of deep metric learning, neural
networks are used to perform this mapping, harnessing their ability to model complex data
distributions and extract high-level features. Deep metric learning methods use neural
networks to learn a mapping from the input space to a high-dimensional feature space,
where the distance between points corresponds to their similarity or dissimilarity (see
Figure 4.2). The reimagined metric space, therefore, becomes optimized for a spectrum of
pivotal tasks. Here are a few applications where such a learned metric manifests its utility:

e Classification: By grouping similar examples closer together, classification algo-
rithms can make more accurate predictions, especially in scenarios where the geo-
metric boundaries between classes are not immediately obvious in the original feature
space.

e Few-shot and Zero-shot Learning: Metric learning is particularly beneficial when
labeled data are scarce or when predicting unseen classes, as it focuses on learning
a generalizable representation of similarity that can transcend the specifics of the
training set.

e Information Retrieval: In search and recommendation systems, the learned met-
ric can surface relevant items to a query by quantifying relevance through learned
distances, thus improving the retrieval quality.

e Face Recognition and Person Re-identification: Metric learning frameworks
excel in tasks where the objective is to recognize individuals across varying conditions,
leveraging subtle but consistent features distilled during training.
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e Learning from Imbalanced Data: The learned metrics help mitigate the influence
of class imbalance by ensuring minority classes are represented in a feature space that
emphasizes their distinctiveness from the majority classes.

e Clustering and Ranking: The distance metric learned can be used to enhance
clustering by bringing semantically similar items closer together and ranking by en-
suring that the order reflects true similarity.

In conclusion, the learned metric not only becomes a measure of distance but evolves
into a sophisticated tool that enhances various machine learning paradigms. Its influence
extends from improving the granularity of classification to reshaping the very core of how
similarity is interpreted across diverse applications.

Original Feature Space New Feature Space
5
®
[ ] A ﬁ (0]
)
A A
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A
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Figure 4.2: Illustration of metric learning using contrastive losses. The plot on the left
shows the original feature space, where data points from three classes are randomly scat-
tered. The right plot, after the metric learning process, shows data points from the same
classes clustered together with a clear margin m between them. This demonstrates how
metric learning optimizes feature spaces to enhance class separability and data represen-
tation.

4.3.2 Spiking Neural Networks

In the context of SNNs, which emulate the spiking dynamics observed in biological neural
systems, there is growing interest in leveraging their unique properties for metric learning
tasks. SNNs offer the potential for low-power, event-driven computation and are capable
of capturing the temporal dynamics inherent in the data. By integrating SNNs into the
metric learning framework, we can further enhance our ability to learn effective distance
metrics that capture spatial and temporal relationships in the data. We adopt the LIF
neuron model for our SNN; described by the following discrete dynamics using the Euler
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method:

ult + 1] = 7V[t] + W s[t], (4.1)
slt+ 1] = H(ult + 1] — Vin), (4.2)
Vit+1] = u[t + 1] — Vins[t + 1], (4.3)

where u[t + 1] represents the membrane potential before resetting, 7 is a time constant,
s[t] the output spike, and H is the Heaviside step function. This formulation captures
the dynamic response of neurons to incoming spikes over time. Overall, the combination
of metric learning techniques with neural networks, including SNNs, holds promise for
advancing the state-of-the-art in various machine learning tasks, ranging from classification
and clustering to retrieval and recognition. Through ongoing research and development,
we can continue to explore the potential of deep metric learning with neural networks to
unlock new capabilities in understanding and interpreting complex data.

4.3.3 Training Spiking Neural Networks with Surrogate Gradi-
ents

Training SNN presents unique challenges due to the non-differentiable nature of spikes.
Unlike traditional neural networks, where the backpropagation algorithm is used straight-
forwardly thanks to the differentiable activation functions, SNNs require an alternative
approach to compute gradients for weight updates. Here, surrogate gradients come into
play, enabling the application of gradient-based learning rules to SNNs.

At the core of an SNN’s neuron model, such as the Leaky Integrate-and-Fire (LIF)
model, is a membrane potential that integrates incoming spikes over time. When this
potential crosses a certain threshold, the neuron emits a spike and resets its potential, a
process that is inherently non-differentiable. To avoid this, surrogate gradient methods
propose a differentiable approximation of the spike function, allowing the gradient of the
loss function with respect to the network weights to be estimated.

The surrogate gradient approach involves defining a pseudo-derivative for the spiking
threshold function. This pseudo-derivative is non-zero and smooth, providing a pathway
for gradients to flow back through the network during training. A commonly used form
for the surrogate gradient is a piecewise linear function or a Gaussian function, which
approximates the sharp spike at the threshold with a more gradual curve.

The training process with surrogate gradients follows the conventional backpropagation
steps but with the critical difference in handling the spike generation mechanism. During
the forward pass, the actual spiking behavior is simulated according to the neuron model.
However, during the backward pass, the surrogate gradient is used to approximate the
derivative of the spike function. This enables the computation of gradients with respect
to the neuron’s input and weights, facilitating the application of standard optimization
algorithms, such as stochastic gradient descent, to update the model parameters.

By using surrogate gradients, SNNs can be trained on a variety of tasks, from classi-
fication to temporal pattern recognition, leveraging their temporal dynamics and energy-
efficient computation. The method effectively bridges the gap between the rich temporal
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processing capabilities of SNNs and the powerful optimization machinery developed for
traditional neural networks, opening up new avenues for research and application of SNNs
in domains where capturing temporal dependencies is crucial.

The use of surrogate gradients thus represents a pivotal development in the training of
SNNs, making it possible to harness their potential to process spatio-temporal data while
maintaining compatibility with the backpropagation algorithm and its variants.

4.4 Method

Our approach aims to harness the inherent capabilities of SNNs within the realm of deep
metric learning. Specifically, we focus on learning a mapping f : X — Z7 from a set of
examples {z;|z; = (v4,v:),x; € X,y; € V,i =1,...,N}. The primary goal is to optimize
this mapping to minimize within-class variability and maximize between-class variability,
effectively leveraging the metric space to maximize mutual information between labels
and embeddings. Given the unique temporal dynamics of SNNs, our method innovatively
incorporates the temporal dimension 7', proposing a more sophisticated treatment than
traditional averaging methods.

4.4.1 Fixed Binary Encoding

Deep metric learning within SNNs aims to learn a space where the similarity between
examples is defined not only by spatial proximity, but also through temporal dynamics.
Encoding inputs into spike trains introduces a temporal dimension that carries significant
information. Given the embeddings in the middle mapping Z7, with the mapping f, we
dive into the nuanced handling of the temporal dimension. Encoding of the inputs in SNN
propose the following, for a given pair of examples (x;,y;), where the output at time step
t is denoted as f(x)', the contrastive loss is computed as follows:

t

(@i, i), (@, y) 1) =Lymyy || D S (@) = f ()]

t

> () = flay)]

] , (4.4)

where m > 0 is margin parameter, I is the indicator function, and [-], is positive pro-
jection. In constant encoding and rate encoding methods, the values ¢’ are selected to
be uniform and collectively sum up to one. However, this uniformity tends to suppress
the temporal dimension of conveying meaningful information. Unlike traditional methods
that treat temporal sequences in an Fuclidean fashion by simple averaging, our approach
acknowledges the intricate, manifold-like nature of temporal data. This methodology en-
ables a dynamic representation of embeddings across various temporal states, effectively
capturing the evolving characteristics of the data. We explore two methodologies: when

+ Hyﬁéyj [m -
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the input is encoded via the binary method, where the first spike represents 128, the second
64, and so forth until the last spike represents 1, we explicitly set it as follows:

=2 vt=1,2,--- 8. (4.5)

4.4.2 Flexible Binary Encoding

In pursuit of capturing more intricate temporal patterns within our data, we consider an
alternative approach to binary encoding where the parameter c is not static, but adaptable.
Unlike a fixed encoding scheme, here c is treated as a learnable parameter that is optimized
during the training process through gradient descent. This method introduces flexibility
and allows the encoding to adjust dynamically, potentially leading to a more nuanced and
discriminative representation of the input features over time.

The learning process for c¢ is guided by the backpropagation algorithm, where at each
training step t, the value of ¢ is updated according to the gradient of the loss function /¢
with respect to ¢. This gradient is computed in the context of the differences f(x;)"— f(z;)"
between all input pairs, driving ¢ to evolve in a direction that minimizes the loss:

ch 4 Ch_y Vt=1,2,--- T, (4.6)

~ Tt
where 7 represents the learning rate and 7T is the total number of time steps considered.

This adaptive mechanism is particularly valuable as it grants the model the ability
to refine its internal representations over the course of training, thereby enhancing its
sensitivity to temporal dynamics as the model learns the encoding parameter.

4.4.3 Online Metric Learning for Classification

We consider the contrastive loss described in equation 4.4, however iterating through all
pairs in the set S results in a computational complexity of O(n?), rendering it impractical
for large datasets. In the literature, the practice of mining negative examples is often uti-
lized, where certain examples are omitted if the classifier readily identifies them. However,
the convergence of mining is not assured since the data batch it is applied to is limited. In
our experiments, we implement the average online gradient descent algorithm described in
Chapter 2. In Chapter 2, our focus was on computing the loss for both new and historical
examples by maintaining a dynamic moving average of the history. Yet, with the con-
trastive losses, the constraint on the data space is not applicable because the embedding
space is still being learned. Therefore, we introduce a concept of pseudo moving averages
within the embedding space, attracting or distancing new examples based on their labels.
To maximize separation, we initialize these moving averages to be orthogonal to each other

in 128-metric space, and using the euclidean distance as the metric as illusatred in equation
4.7 with f = hy,

ko, x,y) = [Rox) = g | + [m - e iy, (4.7)

Vlo(x) — M
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where p; denote the pseudo moving averages for each class i, and C' denote the number
of classes. This loss function is designed to minimize the distance between an example’s
embedding and the moving average of its corresponding class, while simultaneously maxi-
mizing the distance from the moving averages of other classes, up to a predefined margin.
The loss is very similar to N-paris loss introduced in [23], but with pseudo averages instead
of multiple negatives.

After learning the embedding space using the pairwise loss, the classification approach
employs a model of a one-layer neural network, utilizing a Softmax loss function for multi-
class categorization. The probability that a given input vector x belongs to class k£ among
a total of K classes is given by the Softmax function:

6E(X)Tﬁk

S eheTs

h(x), == P(Y = k|x) = (4.8)

where ) represents the coefficient vector associated with class k. The training objective is
to minimize the cross-entropy loss across all N samples in the dataset, which for a single

sample is given by:
K

L(x,y) = = > _I(y = k) log h(x)x, (4.9)
k=1
where I(y = k) is an indicator function that is 1 if y = k and 0 otherwise, and y is the true
class label for the input vector x.

4.5 Experiments

4.5.1 Implementation Details

Our experiments are designed to evaluate the impact of different encoding strategies and
metric-based loss functions on the performance of SNN for deep metric learning tasks.
We investigate two primary encoding methods: (1) Constant encoding, where input data
are replicated T times to match the temporal dimension, and (2) Binary encoding, which
transforms each data point into a sequence of 8 spikes based on its integer value ranging
from 0 to 255. Furthermore, we explore the efficacy of various metric-based losses, including
triplet loss, N-pair loss, and contrastive loss, under different mining strategies, such as hard
and semi-hard mining. We conduct our experiments in one architecture, namely VGG19
but with one linear layer. The accuracy is determined by employing the k-Nearest Neighbor
(KNN) algorithm with a value of 5 for the parameter k. In addition, we conducted an
evaluation using a single linear layer applied to the acquired embeddings to confirm the
findings. However, it was found that KNN alone suffices for accurate results. During
the training phase, we utilized the surrogate gradient Backpropagation Through Time
(BBTT) to facilitate learning within the SNN architecture. In particular, the membrane
time constant and threshold were set to one.
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Table 4.1: KNN Classifier Accuracy Across Encoding Strategies, Temporal Lengths, and
Loss Functions for MNIST, CIFAR-10, and CIFAR-100 Datasets, Measured by Precision
at k = 1. Precision at k = 1 refers to the accuracy of the classifier when only the nearest
neighbor is considered to predict the label of a test sample. This metric provides a test
of the model’s ability to identify the most similar example. By exploring different com-
binations of encoding strategies, temporal lengths, and loss functions, we aim to uncover
configurations that optimize representation efficiency and predictive accuracy, particularly
in the challenging context of classifying images from diverse and complex datasets.

Loss Online Sampling hard sampling
Triplet N-Pairs Margin Triplet N-Pairs Margin

CIFAR-10

ANN 89.12 90.02 89.32 88.54 90.00 89.42
Constant T=8 85.84 84.52 85.64 85.20 84.12 85.20
Constant T=16 86.72 87.21 86.56 87.12 86.25 86.2
Constant T=32 87.21 88.12 88.22 88.21 88.7 88.1
rate T=8 72.51 71.15 70.45 71.15 71.25 70.54
rate T=16 75.15 75.18 75.77 74.17 74.98 75.8
rate T=32 78.95 79.1 79.28 79.05 79.07 79.13

Fixed binary T=8 83.38 87.61 87.42 84.6 87.98 86.50
Flexible binary T=8  86.08 87.91 87.67 86.71 87.82 86.28

CIFAR-100

ANN 68.38 68.15 69.02 68.02 69.1 69.03
Constant T=8 63.50 64.17 65.35 63.2 63.85 64.15
Constant T=16 64.14 67.57 66.75 65.20 65.15 65.87
Constant T=32 68.15 67.02 67.86 68.35 66.68 68.01
rate T=8 58.01 59.01 56.98 98.15 o7.21 57.58
rate T=16 60.14 29.58 60.95 60.25 59.48 59.34
rate T=32 62.21 61.98 60.92 61.47 62.02 61.57

Fixed binary T=8 64.21 65.47 65.84 63.8 64.67 65.02
Flexible binary T=8  64.24 65.98 66.05 63.84 65.24 65.72

MNIST

ANN 99.17 99.65 99.35 - - -
Constant T=8 98.47 98.28 98.68 98.24 98.65 98.17
Constant T=16 99.10 98.85 98.15 98.98 98.11 99.05
Constant T=32 99.31 98.97 99.24 99.34 99.29 99.42
rate T=8 91.25 92.44 93.10 92.47 92.10 91.29
rate T=16 93.25 94.24 94.07 94.22 93.89 93.94
rate T=32 95.47 95.68 95.87 96.02 96.04 96.74

Fixed binary T=8 98.89 99.10 98.58 99.01 98.97 98.75
Flexible binary T=8  99.20 98.95 98.84 99.15 98.55 98.64
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4.5.2 Encoding Strategies

Constant Encoding: This approach directly replicates the input data 7" times to form
a temporal sequence, facilitating a straightforward integration with the SNN framework
without altering the original structure of the data.

Binary Encoding: Data points are converted into a temporal sequence of spikes, where
each bit of the 8-bit binary representation triggers a spike, effectively encoding the original
value into a temporal pattern.

4.5.3 Loss Functions

To understand the differential impact of loss functions, we examine three key variants, such
as the triplet Loss which aims at learning useful embeddings by ensuring that an anchor
example is closer to positive examples than to negative examples by a margin as follows;

Liyiplet = Z [d(a;, p;) — d(ai, ng) +m], (4.10)

(4,3,k)

where a; represents the anchor input, p; the positive input, n, the negative input, d the
chosen distance metric, and m the margin. In addition to triplet loss, N-pairs loss is
considered, which extends the idea of triplet loss by considering pairs of examples, aiming
to distinguish a single positive example from multiple negative examples in a single batch.

4.5.4 Mining Techniques for Contrastive Learning

In the context of metric learning, particularly when employing contrastive losses, the se-
lection of sample pairs plays a crucial role in the training process. Mining techniques are
employed to choose informative pairs of examples from the training set to effectively train
the model. Among these techniques, hard and semi-hard sample mining are two strategies
that have been shown to be effective in improving the performance of deep learning models.

Hard Sample Mining: Hard sample mining involves the selection of sample pairs
challenging for the model to correctly classify. These pairs consist of positive pairs that
are distant from each other and negative pairs that are closely positioned in the feature
space. Specifically, hard positive pairs originate from the same class but lie beyond the
current decision margin of the classifier. Conversely, hard negative pairs belong to different
classes but fall within the margin. Training on these demanding examples forces the
model to learn more discriminative features, as it endeavors to rectify its most challenging
classification errors. To achieve this, during training, easy negative samples are replaced
by hard negative samples, and easy positive samples are replaced by hard positive samples.

Online Sample Mining: using the new loss introduced in equation 4.7. In the context
of deep metric learning, the concept of pseudo moving averages within the embedding space
bears resemblance to contrastive learning, albeit without the need for explicit sampling.
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To maximize separation, we initialize these moving averages to be orthogonal to each other
in the 128-metric space, utilizing the Euclidean distance as the metric. The loss is very
similar to N-paris loss introduced in [33], but with pseudo averages instead of multiple
negatives.

4.5.5 Classification Accuracy

Table 4.1 illustrates how the accuracy achieved by binary encoding with learnable weights
(flexible) exceeds the performance of both constant encoding and fixed binary encoding
across two datasets. In particular, constant encoding demonstrates superior performance
in the CIFAR-100 dataset. Importantly, the online training has comparable results in all
datasets, which shed the light on the effectiveness of the online sampling loss.

In our comparative analysis illustrated in Figure 4.3, we examine the performance of
different encoding strategies on model precision and the effects of varying margin values on
class separability. Part (a) of the figure evaluates the impact of binary encoding, constant
encoding, and rate encoding on precision @ 1. Our results indicate that binary encoding
achieves the highest precision, underlining its efficacy in class discrimination. Constant
encoding follows, with rate encoding trailing as the least effective method in this context.
This hierarchy suggests that the choice of encoding strategy significantly influences the
model’s ability to accurately classify instances based on a single retrieval attempt.

Part (b) of the figure shifts focus to the role of margin values in enhancing the model’s
performance. It reveals that precision varies with different margin settings, pinpointing an
optimal margin that maximizes class separability. This observation highlights the critical
importance of margin configuration in metric learning algorithms, directly impacting the
model’s classification precision.

4.5.6 Embedding Visualization

The t-SNE visualization of CIFAR-10 embeddings in Figure 4.4 provides a comprehensive
view of the distribution and clustering of the feature representations learned by the model.
By reducing the high-dimensional embeddings to a two-dimensional space while preserving
the local structures, t-SNE allows for a visually interpretable representation of the data.

In the context of CIFAR-10, which consists of 10 classes of images, the t-SNE visual-
ization can reveal how well the model has learned to differentiate between these classes.
Clusters formed by embeddings corresponding to the same class indicate that the model
has successfully captured the inherent similarities between images of the same category.
On the other hand, the separation between clusters belonging to different classes reflects
the discriminative power of the learned features.

Analyzing the t-SNE visualization can also provide insights into potential areas of
improvement. For example, if certain classes appear to overlap or are poorly separated in
the visualization, it may indicate areas where the model struggles to distinguish between
those classes. This information can guide further refinement of the model architecture or
training process to enhance its performance on specific classes or categories.
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Figure 4.3: Comparative analysis of model performance: (a) explores the impact of three
distinct encoding strategies on precision@1, highlighting the effectiveness of each method in
discriminating between classes at T=8; (b) investigates precision as a function of different
margin values, demonstrating how varying the margin influences the separability of classes
within the learned feature space.

4.6 Limitation of Binary Encoding

The requirement for inputs to be in the 0-255 range can pose challenges, particularly in sce-
narios where data augmentation techniques are employed. Data augmentation, a common
practice in machine learning, involves artificially expanding the training dataset by apply-
ing transformations such as rotation, scaling, or cropping to the input images. However,
when using binary encoding, these transformations can alter the input range, potentially
exceeding the 0-255 range, and thereby affecting the effectiveness of binary encoding. As a
result, maintaining the range 0-255 becomes crucial to ensure the compatibility of binary
encoding with data augmentation techniques. The constraint imposed by binary encoding
can influence the accuracy of the model, as observed in the CIFAR-10 and CIFAR-100
datasets, particularly compared to models trained using traditional approaches such as
ANNS (literature reports 96% and 76% [53]).

4.7 Summary

In this study, we embarked on an exploration of deep metric learning within the context
of SNNs, evaluating the impact of different data encoding strategies, metric-based loss
functions, and neural network architectures on the classification accuracy of KNN classifiers
across three benchmark datasets: MNIST, CIFAR-10, and CIFAR-100. Our experiments
demonstrated the nuanced interaction between the choice of encoding strategy, whether
constant or binary, and the temporal dimension (T'), highlighting the significant influence
of temporal length on the performance of SNNs.
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Figure 4.4: The t-SNE visualizations compare the CIFAR-10 dataset before and after
mapping with different models and encoding schemes, including ANNs, SNNs with constant
encoding, and SNNs with binary encoding.

Comparison of loss functions, specifically triplet, N-pair, and contrastive losses, un-
derlined the importance of selecting an appropriate loss function that complements the
encoding strategy and the architecture in use. Our findings suggest that while all loss
functions have their merits, their effectiveness is contingent upon the dataset and the
encoding strategy employed, and certain combinations yield superior performance over
others.

While binary encoding offers advantages in terms of efficiency and memory usage, the
strict input range requirement may limit its performance, especially when data augmen-
tation is involved. Future advancements may involve the development of novel encoding
techniques that offer greater flexibility and robustness to input variations, thereby en-
abling more effective integration with data augmentation strategies while maintaining or
even surpassing the accuracy of traditional ANNs.
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Chapter 5

Provable Robust Spiking Neural
Networks for Online Metric Learning

As we explore the properties of deep spiking neural networks for pairwise learning in this
chapter, we shift our focus to rate encoding. Introduced in the previous chapter alongside
new encoding techniques, rate encoding stands out in research for its potential to enhance
the robustness of SNNs. This method converts static inputs into temporal sequences of
spikes, which has been experimentally shown to bolster network resilience. Through a
combination of theoretical analysis and empirical investigation, we study rate encoding to
uncover its influence on strengthening network robustness, building upon the groundwork
laid in the preceding chapters.

5.1 Introduction

Similar to the neurons in recurrent neural networks, the spiking neurons possess a temporal
dimension (a.k.a. inference latency) and maintain their present state as the membrane
potential, which gets updated at each time step after receiving the input in the form of
weighted spikes. To process a static input, say x € R?, the network requires a strategy
to convert it into a temporal sequence of spikes. A standard encoding technique, called
rate-encoding, inspired by biological evidence, is designed to approximate an input z €
[0,1] with the rate of spikes [25]. It generates T binary spikes {z;}X ,, using a Bernoulli
distribution z; ~ Ber(z), so that the average number of spikes approximates the intensity
of the pixel, % ZiTzl z; ~ x. It can be noted that among the encoding techniques discussed
before, only rate-encoding introduces a systematic noise with the input.

As SNNs aim to replace conventional artificial neural networks (ANN) for energy effi-
ciency, they become exposed to intelligent attacks. Adversarial perturbation of inputs is
one such attack, where an input image is altered with a mild perturbation imperceptible
to the human eye, but can fool the classifier to make an incorrect prediction [32]. De-
fending against such attacks is imperative for many safety-critical applications. The work
in [81] made some important experimental observations, where they found that the rate-
encoded SNNs are adversarially robust compared to the vanilla ANN classifiers and that
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the robustness of rate-encoding drops with the increase in inference latency, T'. They fur-
ther conjectured that the robustness may be due to the sparse spiking activity. However,
[57] observed that constant-encoded SNNs have lower adversarial robustness compared
to ANNSs, but also have low spiking activity similar to rate-encoded SNNs. The present
work is therefore motivated by the need to provide a theoretical proof for the empirical
observations of robustness.

We start by observing an intriguing connection between rate-encoding and the ran-
domized smoothing framework [58]. Given a base classifier, the randomized smoothing
technique ensures that the smooth classifier obtained as the expected classifier, under
noise to the input, is adversarially robust. That is, for a given input x € R?, the smoothed
classifier provides a radius within which any perturbation of the input will not result in a
change in output. As the guarantee originates from the noise introduced to the input, it
becomes a property of the smooth classifier rather than the base classifier. However, [79)]
observed that it is possible to adversarially train a smooth classifier for better empirical
results.

Our Contributions: Minimizing pairwise loss of deep SNN model without the need
for sampling (mining) is achieved using the algorithm from chapter 3, with the help of
pseudo moving averages in the embedding space.

Considering the rate-encoded network as an estimate of the smoothed classifier to
Bernoulli noise enables us to establish the first certified robustness result for SNNs. The ob-
servation that rate and constant encoded classifiers correspond respectively to the smooth
and base classifiers explains the superior adversarial robustness of rate encoding.

The theoretical results further reveal that the certified radius suffers a drop with in-
creasing latency, confirming the empirical observations. Table 5.2 reports the certified
accuracies at different perturbation radii under the [;-norm for various datasets on state-
of-the-art architectures.

To further improve the adversarial robustness of rate-encoded classifiers, we adopted
adversarial training methods for rate-encoded classifiers. Since rate-encoding uses stochas-
ticity to introduce Bernoulli noise, we employ the well-known Straight Through Estima-
tor (STE) [8, 90] for back-propagation of gradients to the inputs. Experimental find-
ings demonstrate that adversarially trained rate-encoded networks outperform their vanilla
counterpart and other state-of-the-art adversarial training algorithms [21].

This work introduces a method to minimize pairwise loss in deep SNN models without
sampling, employing an algorithm from Chapter 2 that leverages pseudo moving averages

in the embedding space. This contribution marks a significant advancement in the training
efficiency of SNN models.
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5.2 Background

5.2.1 Adversarial Attacks with Pairwise Classifiers

Given a dataset S := (x;,y;);_, where x; € X represents the inputs and y; € Y represents
the class labels, with ) being the set of possible class labels. A deep neural network is
described by the function h : © x X — ), where © denotes the set of model parameters
(weights). This section explores the components of pairwise loss used in training classifiers,

such as AUC (Area Under the Curve) and contrastive learning losses.

AUC Maximization in Deep Networks: The AUC metric quantifies the perfor-
mance of a binary classifier in all possible thresholds, particularly useful in scenarios of
imbalanced data, where traditional accuracy metrics may be misleading. The complement
of the AUC, as defined in Equation 1.16, can be maximized by employing a convex surro-
gate function (e.g., hinge loss) to approximate the indicator function, with f being a deep
neural network parameterized by 6. The loss function is formulated as follows:

U(hg, (x,9), (X,y)) = max(0,1 — he(x) + he(xX')|y = 1,y = —1). (5.1)

Deep Metric Learning: Contrastive loss, a widely utilized pairwise loss in deep met-
ric learning, aims to learn embeddings that bring similar examples closer while separating
dissimilar ones. Once the embeddings have been established, it becomes possible to train a
classifier. Consideration can be given to classifiers that depend on distance metrics, such as
KNN, which utilize the embeddings, or to a basic linear model that can be trained swiftly
(refer to the experiments for additional information). The contrastive objective is detailed
in Equation 5.2 assuming an embedding mapping h : © x X — RP, although alternative
formulations are also available (for examples, see [10] and [53]).

U, (x,9), (X, y)) =Lmy || o (x) = ho(x')

1,y [m - Hﬁg(x) — ho(x)

L, (5.2)

where m > 0 is margin parameter, I is the indicator function, and [-]; is positive projection.

An adversarial perturbation, denoted by 4, is introduced into an input x given a clas-
sifier h ! as follows:

argmin 6], (53)
subject to  hp(x + 8) # hy(x) :
d+xelX. (5.5)

The objective is to find the smallest perturbation d in terms of the p-norm, such that the
perturbed input x+4 is classified differently by the network compared to the original input

Tn the case of metric learning, the mapping h is transformed into a soft classifier h through the
integration of a small linear layer, which operates as a mapping from the embedding space to the class
space, as detailed in the experiments section.
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Figure 5.1: Visualization of the adversarial attack.

x, while ensuring that the perturbed input remains within the input space X'. Given the
challenging nature of solving the optimization problem outlined above, a widely employed
approach is to generate such perturbations by maximizing the network loss function over
the input perturbations. Specifically, the perturbation is found by solving the following
optimization problem:

arg  max L(hg,(x+8,y), (X' +8,Y)). (5.6)
l8l[p+116"llp<e

However, a more straightforward approach might involve perturbing only one example while
keeping the other unchanged (in this chapter, we assume ¢’ = 0.). The constraint ||d]|, < €
ensures that the perturbation is bounded by ¢, limiting the extent of the modification to
the input x. This method of creating adversarial perturbations by maximizing the loss
function replaces the hard constraint of causing a misclassification with a more tractable
objective of maximizing the model’s loss, under the assumption that increasing the loss
will likely lead to a misclassification (see figure 5.1).

Given the linear characteristics of many components within neural networks, as ex-
plained by Goodfellow et al. [31], the loss function can be efficiently approximated using
its first-order Taylor expansion, as follows:

arg max (V l(hy, (x,9),(x',v")),8) = earg max (V. L(hy, (x,v), (X, y)),d), (5.7)

[16]lp<e [16]l,<1

where the constant term of the Taylor expansion is omitted as it does not depend on 4.
Consequently, the optimal solution is influenced by the dual norm of the gradient. For
instance, the Fast Gradient Sign Method (FGSM) seeks to amplify the loss with a single
gradient step under the maximum norm budget on § (p = o0), yielding the solution:

5 := esgn(Vall(hs, (x,3), (<. ¥))). (5.5)
When applying the Euclidean norm to 8, the solution becomes [70]:

vazg(h% (X7 y)a (X/a y/))
||vm€(h67(xv y)?(xlvy/»HQ
Finally, for p = 1, the solution is sparse (a one-hot vector scaled by €), selected by

arg max; |g;|, with g being the gradient w.r.t. input, and signed according to that di-
mension’s sign. As evidenced in [17], sparse perturbations contribute to overfitting in the

d:=c¢ (5.9)
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context of attack problems. To counteract this, the SLIDE approach, introduced by [36],
addresses this issue by selecting the top k values from the gradient. Furthermore, for other
norms, projections into the feasible set X' are generally performed with minimal concern,
as most adversaries inherently reside within this set. However, in the case of p = 1, pro-
jecting into the feasible set can significantly diminish the effectiveness of optimization, as
perturbations are concentrated on sparse dimensions. To address this issue, alternative
research has been undertaken to explore simultaneous projections in both the feasible set
and the adversarial budget (e.g., see [17]).

For any chosen norm, due to the potential inaccuracy of linear approximation with large
values of €, the optimization process typically unfolds over several iterations of gradient
ascent. In each iteration, a projection operation, denoted by II, confines the perturbation
within the [,-norm ball of radius e. When this projection step is applied to an l.-ball, the
technique is widely recognized as the Projected Gradient Descent (PGD) attack [69].

5.2.2 Adversarial Robustness

To defend a classifier against adversarial attacks, several strategies are proposed that pro-
vide empirical robustness to ANNs [75, 31]. One popular defense strategy is adversarial
training [09], where a classifier is trained with respect to adversarial examples instead of
clean ones. As an optimization to find the worst adversarial perturbation is NP-hard, such
a strategy, though empirically adequate, does not guarantee that no adversarial perturba-
tion can exist for a given input.

In the context of SNNs, to improve the empirical robustness of constant-encoded net-
works, [57] proposed to perturb the input image separately in different time steps instead
of supplying the same image repeatedly, thus avoiding any computational burden due to
adversarial training. More recently, [21] proposed the adversarial training of constant en-
coded SNNs with additional regularization, called regularized adversarial training (RAT),
which has been shown to provide higher robustness against adversarial attacks.

Certifiable Robustness: Though empirical defenses are practical, they do not ensure
the absence of an adversarial perturbation. In practice, empirical defense strategies are
often broken by more potent attacks. Given an input x, a classifier h is said to be provably
robust under norm [, attacks if there exists a radius r within which any perturbation to x
does not change the output of the classifier, i.e.,

Vx':||x = X'||, < r we have, h(x") = h(x). (5.10)

Through bounding input/output of the activation and bound propagation, certified training
strategies prove whether adversarial perturbation can exist within a particular radius of
any input. A recent method that adopts existing literature [92, 88] to SNNs is known as
(S-IBP, S-CROWN) [65].

Randomized Smoothing: One of the effective strategies to provide a probabilistic
robustness certificate in a classifier agnostic way is through randomized smoothing [5&],
which gives provable robustness against adversarial attacks restricted under /; or Iy norm.
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Randomized smoothing analyses the effect of adding input noise, such as Gaussian or
Laplacian, to a base classifier. A classifier that gives class probabilities as output is known
as a soft classifier, in contrast to a hard classifier that returns the predicted class label.
Given a (soft) base classifier f : R? — P())), the Gaussian smoothing constructs a smooth
classifier g : RY — P())):

g(x) = Een(0,02-1) [f(x+e€)= Ko N (x,02-1) 1f(z)] . (5.11)

Given, a = argmax,cy g(X),, b = arg max,, g(x), and let p,, p, be the corresponding
probabilities with their statistical estimates, p, < p, and p, < Dy, we have from [15]:

argmaxg(x+90), =a (5.12)
yey
o
o (8]l < (27 (pa) — 27 (P0)), (5.13)

where, ®~! is the inverse Gaussian CDF. This implies that the smooth classifier, g, when
deployed in the test time, can tolerate any adversarial attack with a bounded norm of radius
R =%(® " (pa) —® '(py)). As probabilities p, and p, are difficult to compute analytically,
they are estimated using Monte-Carlo (MC) simulations [15, 79], by evaluating the base

classifier on multiple noisy input, i.e.,

m

g(x) =~ %Zf(z,-), where, z; ~ Noise(x), (5.14)

=1

so that the bounds p, < p, and p, < Py hold with high probability.

5.3 Adversarial Robustness using Bernoulli Smooth-
ing

5.3.1 Randomized Smoothing via Bernoulli Noise

We propose to analyze the robustness properties of a classifier that uses Bernoulli noise
as the source of randomness. The input to the smoothed classifier g can be an image
x € [0, 1]¢, where the values of the individual pixels z; € [0, 1] are bounded. For Bernoulli
smoothing, the individual pixel intensity x; can be treated as the bias of a Bernoulli random
variable, z;,

2z €4{0,1} .z ~ Ber(z;), (5.15)

which in vector notation we write as, z ~ Ber(x). The theorem below proves that we can
construct a provably robust classifier g using Bernoulli noise, given a base classifier f.

Theorem 1 Given a base classifier f : [0,1]2 — P(Y), we construct a smooth classifier
g:10,1)¢ = P(Y), such that
g(X) - EZNBGT(X) [f(Z)] . (516)
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Let p, = maxyey g(x),, pp = max,z, g(x),, then,

Vo - ||o < e ;pb

argmax g(x + 0) = a. (5.17)
yey

As Monte-Carlo simulations estimate the probabilities p, and p,, we expect to obtain
bounds p, > p, and p, < pp with high probability. Since, p, — Py < pa — pp,

Corollary 1 We have,

Pa—Ts

\V/(SI H(SHI < 9

=p, — 0.5 argmaxg(x+9)=a,
— yey
where in the last equality we used the upper bound, py :=1 — p,.
To prove the Theorem 1, we would require to use Definitionl along with lemma 2 and 6.

Definition 1 A function h : RY — R is said to be L-Lipschitz w.r.t. to the norm |||, if ,
vx,y € R?: [h(x) — h(y)| < Llx — y]|.
Equivalently, iof h is differentiable, it is L-Lipschitz if and only if,
vx, [[VA(x)|. < L,

where |||, : R — R denotes the dual norm of ||| : R?* — R, and it is defined as:
Iyl = SUP||x||=1 x"y

Lemma 2 Let h: R — P(Y) be a soft classifier and suppose it is L-Lipschitz with respect
to each of the classes x — h(x), and the norm |-||. For a given input x, if we have
Po = Maxyey h(x),, pp = max,z, h(x),, then,

. Pa — Db o
Vé |9 < 5T argrzr/leaich(x—i— d) =a. (5.18)

A proof for the above can be found in Lemma 2.1 [62].

Lemma 6 lemlip For all y, g(x), is 1-Lipschitz under the ||-||1-norm.
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Proof 9

d
9%y = Eepoerop [ ({21, 22, cza))yl = Y FUAD, 280, 2900, TP )
(j)G{O,l} =1
d
N - L) _,
= Y F D I, [T (@)
zgj)G{O,l} =1
j j e _@
= > LA e [ (1w
i#1,29€{0,1} i£1
j L@ _,@
+ Y F0 D), (=) T ()
i#1,29€{0,1} i#1

Let us now take partial derivative of g(-), w.r.t. x1, which can be generalized to other
co-ordinates in a similar fashion:

9y : . , P v
’a—fi = ¥ ‘(f((l 9, 29N~ (0,29, - 7Z§J)>)y)‘H(“”Z> (1 — ;)
i#1,29€{0,1} i#1

©)
< Z H x;)* 1 — ;) 1=z [diff. of probabilities is less than 1]
i#1,29e{0,1} #1

= 1. [using marginal probability]

Thus, we have, [|[Vg(-)y|leo < 1 which following the Definition 1, ensures g(-), is 1— Lipschitz
under ||-||s-norm.

5.3.2 Multi-Bernoulli Smoothing and its Application to SNN

Armed with the proof that the smooth classifier is robust when a single Bernoulli variable is
used to encode a pixel z;, let us now move to the more practical situation of rate-encoding,
where T-independent Bernoulli variables encode the input pixel. To fix the notation, con-
sider constant encoding replicating the original input x € R?, T times, creating a temporal
encoding that we denote using the notation [x|7. To be consistent, let us denote a base
classifier fr : [0,1]? — P(Y) that accepts the input without encoding, and further define
fr(x) = fr([x]7), where the classifier fr : [0,1]7%¢ — P()) receives the replicated input.
The notation of f7 helps us to demonstrate the definition of the corresponding smooth clas-
sifier, which receives the replicated input [x]7 encoded with independent Bernoulli noise.
The smooth classifier g7 : [0, 1] — P()) can now be defined as:

gr(x) = By eperriey |[fr((m,72, 7)) (5.19)

where, the smooth classifier gr uses T" independent Bernoulli variables z; = (z;1, 2i2, -+ , zi1) €
{0,1}" to encode each input pixel z; € [0,1]. The notation Ber®(x;) describes the joint
Bernoulli distribution of 7" variables, each with the same bias x;. We can show now:
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Lemma 7 For all y, gr(x), is T3"~'-Lipschitz under ||-||1-norm.

Proof 10

gT(X) = EZiNBETT(:Iti) |:f(<zla Zy," ", 2 :|

d T
Z f((zl>z2a"' ) Z HHPZzt‘xz

Now, let us denote, cy(zg, - - -

zie{071}T

Z Flllarn,-

zie{071}T

i=1 t=1

Z1T s 42, ¢

lemlll k f((( Y, Zg,

1 24))y, the sum of f for differ-

ent possible values that z, can assume, with the restriction that there are k 1’s out of T
binary values. Thus,

0 < co(zo,---

0<ci(zo,

0<cr(zg,---

and, P(xq, - - -

z4) = [({{0.0,
7Zd> = f(<<1707
zq) = f({(L. 1,

So that, we may write after expanding the expectation over the values that variable z; may

take:

gr(x)

ZiE{O,l}T

i#l,ZiE{O,I}T k=0

Z F({z1a,- -,

ZlT y 42,
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Let us denote h : [0,1] — R as the function :

k=0 k=0 PN
T Tk
T—
S 9) 3 (I FE Y,
k=0 j=0 J
T 1
T—
= Z cm( m) (=)™ [after re-indexing]
l—m
=0 m=0
th(.T> a 1—1 : T—m l—m
T :le Zcm - (—1)
=1 m=0
T ! :
T-1
= Z J2' ! cl_]( , +‘7> (—=1)  [setting, j=I-m/
I=1 =0 J
T /2
) T \ (T —1+2j
£ (L)) o)
=1 =0 [=2j 2) J
T /2
= Z Iz r
— = (= 2)NT = D!(27)!

= Z |hp(z1)| P(22, - -+ 2a)

i#1,2,€{0,1}T
<713t Z P(xg, -+ ,xq)
i#1,2,€{0,1}T
=T13"1

833'1

Thus, we have, ||Vg|leo < T3T1 which following the Definition 1, ensures g is T3T 1 —
Lipschitz under the norm ||-||1.

Theorem 3 For the smooth classifier gr defined as above, and p, = maxyey gr(X)y, pp =
maxy.z, gr(x),, we have:

. Pa — Db o
Vo ||6])1 < 5T 3T argréleafggp(x—l— d) =a. (5.20)
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The proof of the Theorem follows from lemma 2 and 7. It is interesting to note that
Theorem 1 is a special case of Theorem 3 when T = 1.

Corollary 2 Similarly to Corollary 1, if we estimate p, > p, with high probability, then the

robustness guarantee on the perturbation é : |||, < %, holds with the same probability.

One may highlight that the certified radius drops rapidly with 7', which, we agree,
can perhaps be improved with a tighter bound on the Lipschitzness. Also, the largest
[1-radius on which an input can obtain a robustness guarantee is upper bounded by 0.5,
with 7" = 1. To put it in perspective, it allows a change of %, which, assuming 8-bit
encoding of pixels, allows a single pixel to be changed by 127 or 127 pixels to be changed
by 1. In comparing the results with Gaussian smoothing, one may find that their guarantee
can hold for arbitrary radius. However, certificates for larger radii require a significantly
large number of MC simulations. Moreover, such results are impossible for discrete random
variables such as Bernoulli.

5.3.3 Prediction and Certified Robustness

Estimation of the smooth classifier gr(x) requires MC simulations, which corresponds to
the evaluation of the base classifier f7 on the rate-encoded input. To evaluate gr, we use
the predict and certify functions described in Algorithms 3 and 4, which are similar to those
of [15], with the exception that Gaussian noise is replaced by multi-Bernoulli noise. The
sub-routine RateEncode( fr,x, m) evaluates the classifier fr after rate-encoding the input
x. The process is repeated m times, and the vector counts records the number of times
a particular class is predicted. For proof that Algorithm 1 makes an incorrect prediction
¢q # gr(x) with a probability upper bounded «, refer to Proposition 1 [15] which in turn
uses results from [15]. Algorithm 4 describes the certify function, which works in two
stages. First, using my MC simulations, it identifies the predicted class ¢,, then to find
the lower bound p,, it uses other simulations m. The proof that Algorithm 2 makes an
incorrect prediction with probability upper bounded by « can also be found in Proposition
2 [15].

Certified Test Accuracy: For each input x, the certify function abstains or returns
the predicted class with a radius [/, within which no adversarial example exists. Two
conditions are verified at each input data point to obtain the certified test accuracy of
a model at a given radius r. First, the predicted class should match the target label y;
second, the radius returned by the certify function should be greater than or equal to
r. The fraction of test data that satisfies both conditions without abstaining gives the
certified test accuracy of a model. Observe that this is an estimate of the true certified test
accuracy, as we only have an estimate of the smooth classifier gr. However, the estimate
can be improved by reducing the error rate o given Algorithms 1 and 2.
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Algorithm 3 predict gr(x) Algorithm 4 certify gy around x

Require: fT,X, m, Require: fr,x,mg,m,«a _
counts < RateEncode(fT, X, m) counts0 <— RateEncode( fr,x,mo)
Ca, Cp < top two indicies in counts Cq 4= top index in countsO
N, Np <— counts|Cq, counts|cy) counts < RateEncode(fr,x,m)
if BinomPValue(ng,ng + np,0.5) < « Pa < LowerConfBound(counts(é,], m,1—«)
then
return é, if p, > 0.5 then
else return prediction é,, radius %3%0;?
return abstain else
end if return abstain
end if

5.4 Adversarial Training of SNN Classifier

The notion of adversarial training can be seen as a min-max problem, where the objective
is first maximized with respect to bounded input perturbations and then minimized over
the model parameters.

/ /
mm 5 X;S /Zlesﬁ?ﬁéﬁ (ho((x+ ), y), (x",y)). (5.21)
Since exactly solving the inner maximization is often not possible, one of the most common
approaches of optimization is to alternately solve (approximately) the inner maximization
with the help of adversarial attacks and then partially solve the outer minimization using
methods such as mini-batch stochastic gradient descent (SGD). Each mini-batch SGD
step would require obtaining adversarial images x + 0*, computed with respect to the
latest network weight that is updated after the SGD step.

As we would like to use the smooth classifier as the final classifier for robustness proper-
ties, it is natural to choose hy = gry in adversarial training, which has been demonstrated
to be an effective approach for ANN [79]. However, there are two difficulties. First, we
can only estimate the classifier g using g, as given in Equation 5.14, thus forcing us to
use hy = grp. For the computational efficiency of the adversarial training process, we
use m = 1, = 1 to obtain a prediction of the smooth classifier, which corresponds to a
single evaluation of the rate-encoded classifier. In constant encoding, the performance of
adversarial training corresponds to setting hy = fr.

Secondly, to carry out the adversarial attack for inner maximization, we need to com-
pute the gradient of ¢ with respect to the input, which, following the chain rule, requires
back-propagating through the stochastic node that rate-encodes the input x. We employ
the Straight Through Estimator [11, 8], which estimates the gradient of a stochastic node
assuming that there is an identity function in the backward pass of the node, allowing
gradient-based attacks to find adversarial examples.
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5.5 Experiments

5.5.1 Experimental Framework

Competitors: We compare the performance of the proposed methods with state-of-the-art
adversarial training algorithms in SNN. We refer to the models trained with un-perturbed
data as CLEAN and when perturbed with Gaussian as GN. We generate adversarial images
using FGSM and PGD attacks implemented using back-propagation through time (BPTT)
with € = %5 and refer to the corresponding adversarially models by the attack name
followed by the abbreviation of encoding, where (C) and (R) stand for constant and rate,
respectively. To identify the attacks separately from the corresponding adversarial training
algorithms, they are named in small letters, e.g., the FGSM attack assuming a rate-encoded

model is referred to as fgsm(R).

In our implementation, we seamlessly integrate an additional linear layer by the Logis-
ticRegression class from the scikit-learn library with a multinomial setup and the Softmax
function for multiclass classification. The newton-cg’ solver was chosen for its efficient han-
dling of the Softmax loss, with a limit of 1000 iterations to ensure rapid convergence. This
setup, focusing on fine-tuned embeddings, provides a fast and effective final classification
step. Algorithm 5 illustrates the training strategy.

Algorithm 5 Online Adversarial Training with Contrastive Loss

Require: Dataset S, Adversarial budget p, Embedding dimension D, Number of Classes C'
Ensure: Trained model with enhanced robustness
Initialize a pseudo moving average for each class as a basis vector scaled by D, {De; € RP|i =
1,...,C}.
for each (z,y) in S do
Find adversarial perturbation by solving opt. problem 5.7 with budget p
Compute contrastive loss using Eq. 4.7, with the pseudo moving average.
Minimize the contrastive loss using gradient-method
Update pseudo moving averages based on new embeddings
end for
Train a one-layer neural network with Softmax for final classification step

Dataset and Network Architecture: We use a standard static image dataset such
as CIFAR-10 and CIFAR-100 [55]. They are temporally encoded using constant or rate
encoding for the SNN classifier to be trained at T" = 4. We use the VGGSNN architecture.
The VGGSNN is based on VGG-19, where the architecture includes 19 layers with learnable
weights; 16 convolutional layers followed by a fully connected layer (classifier’s layers were
excluded). The convolutional layers are organized into blocks, each followed by max-
pooling to reduce dimensionality. [20].

Clean and Robust Accuracy: The clean accuracy of a model is its accuracy on
uncorrupted test images. To evaluate the smooth classifier, we employ the Algorithm
3 for prediction, which returns the output of a conventional rate-encoded network when
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T=4 CIFAR-10, Constant Encoding CIFAR-100, Constant Encoding
Attack CLeaN GN  FGSM(C) PGD(C) | CLean GN FGSM(C) PGD(C)
clean 85.01  85.41 70.75 67.20 55.54  54.58 44.21 44.6
gn 83.86  84.57 70.40 66.48 55.75  56.25 44.17 44.15
fgsm(C) 40.15  41.21 56.51 46.89 29.74  29.74 30.9 31.3
ped(C) 38.14 37.10 52.75 44.58 20.18 19.74 24.15 25.7
T=4, m=1 CIFAR-10, Rate Encoding CIFAR-100, Rate Encoding
Attack CLEaAN  GN FGSM(R) PGD(R) | CLean GN FGSM(R) PGD(R)
clean 69.31  67.85 66.71 65.98 53.17  52.17 39.89 39.18
gn 69.57  67.52 66.21 65.88 53.05 5247 39.17 38.14
fesm(R) 44.21 45.01 53.95 52.39 31.04 33.52 33.74 35.91
pgd(R) 45.14  44.54 54.3 52.71 26.14  26.8 29.05 29.95
T=4, m=10 CIFAR-10, Rate Encoding CIFAR-100, Rate Encoding
Attack CLEaAN  GN FGSM(R) PGD(R) | CLean GN FGSM(R) PGD(R)
clean 73.36  72.54 70.86 69.87 54.8 53.18 40.18 40.4
gn 73.65 72.1 70.89 70.18 54.62  53.74 40.17 39.5
fgsm(R) 47.14 47.28 55.37 53.62 0.3201  34.15 34.15 36.01
pgd(R) 48.55 48.1 55.91 54.27 27.85 27.05 30.5 30.9
T=8 CIFAR-10, Constant Encoding CIFAR-100, Constant Encoding
Attack CLEaAN  GN FGSM(C) PGD(C) | CLeaN GN  FGSM(C) PGD(C)
clean 85.30  85.47 69.79 69.12 58.74  57.98 47.54 46.8
gn 84.08  84.53 69.58 67.92 57.58  58.15 46.75 46.1
fgsm(C) 4212  43.80 52.75 46.15 31.2 31.8 32.8 334
pgd(C) 35.78 35.31 48.48 42.17 22.1 21.5 26.4 27.5
T=8, m=1 CIFAR-10, Rate Encoding CIFAR-100, Rate Encoding
Attack CLeaN  GN FGSM(R) PGD(R) | CLean  GN FGSM(R) PGD(R)
clean 73.10  72.50 68.93 70.59 57.39  56.14 42.14 41.2
gn 71.35  70.57 70.15 70.35 56.14  53.24 39.69 39.05
fgsm(R) 42.84 43.81 53.14 54.20 30.14  32.01 33.5 34.1
pgd(R) 44.68 44.39 51.42 49.57 25.14 26.1 28.15 29.92

Table 5.1: Experiments on CIFAR-10 and CIFAR-100 datasets demonstrate that under
the strongest attacks, rate encoded classifiers offer superior robustness compared to the
constant encoded counterpart. The columns represent different training (adversarial) pro-
cedures, while the rows stands for different adversarial attacks.

m = 1,a = 1. To demonstrate the smooth classifier, we also make predictions with
m = 10, = 1. To avoid the scenario where the classifier abstains from the prediction
due to low statistical confidence, we set o = 1, making the accuracies comparable to the
constant models. The empirical robust accuracy is the prediction accuracy when input
images are corrupted with specific adversarial attacks.

5.5.2 Comparison of Empirical Robust Accuracy

Table 5.1 presents a comparison between networks using constant encoding and those
employing rate encoding, across various training algorithms. Column-wise, we identify the
lowest accuracy observed under any attack for each training approach. This lowest robust
accuracy serves as an indicator of the model’s empirical resilience when faced with diverse
attacks. For example, in CIFAR-10, CLEAN(R) is 7% more robust than CLEAN(C), while
under adversarial training, FGSM(R), PGD(R) improve the minimum robust accuracy
by 5%. For CIFAR-100, the improvement in robust accuracy is 5% for CLEAN(R)), 6% for

87



T=4 CIFAR-10, Rate Encoding

r* 108 = 0 0.1 0.2 0.3 0.4 0.45

CLEAN(R) | 73.1]0 65.44]23.38 61.77]30.28 55.88[30.04  47.8]49.53 37.03]61.82
PGD(R) | 70.59|0 64.1[23.56 59.64[31.0 53.92|39.82 45.52|51.07 36.31|61.94

T=4 CIFAR-100, Rate Encoding

r* 108 = 0 0.1 0.2 0.3 0.4 0.45

CLEAN(R) | 41.66[0 35.92[12.34 30.88]21.56 25.94 | 32.68 21.40[43.79 16.52]55.91
PGD(R) | 38.1|0 332124  294[20.6  24.8)31.2  20.5[42.7  15.6/54.9

Table 5.2: presents the certified test accuracy|abstain for rate-encoded SNN models at
different /;-norm radii for various static datasets.

FGSM(R), and 5% for PGD(R), considering predictions using m = 10.

5.5.3 Provable Robustness via Certified Accuracy

We provide the empirical certified test accuracy of the rate-encoded smooth classifier for
perturbation bounded under l;-norm radius. As given in Table 5.2, the radius varies

between {L()Tl“)’ %], with L(T) = T3T~! representing the Lipschitzness of the smooth
classifier as in Lemma 7. We use the certify function with parameters mqo = 10, m = 100,
and a = 0.01 to find the certified accuracy of the rate-encoded models. The certified radii
obtained are not entirely vacuous. For example, at T = 4, we have L(T) = 108, so we
can obtain a certified accuracy at the radius % which is larger than % Assuming 8-bit
pixels allows a single pixel in the image to be changed by 1. There remains also scope to

obtain the certificate at lower latencies, as highlighted in the section 5.3.2.

5.6 Applicability for Pointwise trained-Models

The key to applying randomized smoothing across different model training types lies in
the ability of the model to produce soft mappings—essentially, probabilities over classes.
This characteristic ensures the method’s relevance not just for pairwise losses but also for
models optimized with pointwise losses.

In essence, the adaptability of randomized smoothing across various loss functions un-
derscores its potential as a versatile technique for improving the robustness of the SNN.
By demonstrating its effectiveness in a range of contexts, from traditional classification to
pairwise and metric learning scenarios, we highlight the technique’s broad applicability in
securing models against input perturbations, irrespective of the underlying loss function
used during training. In this exploration, we initially approach the robustness of neural
networks with an emphasis on models trained using pairwise losses, such as contrastive
loss. However, a crucial insight of our study is that the robustness analysis we under-
take—predicated on the framework of randomized smoothing—is not confined solely to
pairwise or pointwise models.
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Figure 5.2: Figure (a) shows the clean and robust accuracy of smooth classifiers improve
with m and saturates quickly before m=20. The improvement is more significant for clean
accuracy compared to robust accuracy. Figure (b) shows the effect of error rate a on
the prediction. For m = 100, the prediction accuracy does not deteriorate at o = 1072,
as it helps to avoid the high abstain rate suffered in the case of m = 10. Figure (c)
empirically confirms that with a larger T, the clean accuracy of the rate-encoded classifiers
improves, while the robust accuracy decreases. Figure (d) compares the robustness of the
FGSM(R) model with its competitors, with the radius € of l,,-norm attacks varying in
the range [20%, %] The prediction of the FGSM(R) model with m = 10 offers a better
robust accuracy for most cases, while the prediction using m = 1 beats the competition in
the higher range of e.

The realization that both pairwise and pointwise models can be unified under the same
robustness analysis framework stems from their shared capability to map inputs to a prob-
ability space. This mapping is crucial for the application of randomized smoothing, which
assesses the stability of probability outputs in response to input perturbations. Whether
the model is trained to evaluate individual data points or pairs, the fundamental require-
ment for applying our robustness certification methods is the production of these prob-
abilistic outputs. Consequently, we introduce additional experiments with cross entropy
loss training, on a variety of datasets in the following section.
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‘ T=4 | CIFAR-10, Constant Encoding | CIFAR-100, Constant Encoding ‘

| Attack | CLEAN  GN  FGSM(C) PGD(C) | CLean  GN  FGSM(C) PGD(C) |
clean 92.15 91.7 79.4 79.15 72.01 70.19 54.31 53.38
gn 90.62 91.25 78.84 78.28 66.46 69.64 53.87 53.02
fgsm(C) 10.68 15.95 48.86 48.56 3.19 5.35 26.05 26.49
pgd(C) 0.1 1.24 39.75 41.65 0.04 0.45 21.12 22.61
fgsm(R) 81.01 85.13 77.33 75.69 45.4 59.23 49.63 50.81
pgd(R) 85.14 85.07 77.42 75.29 55.82 59.73 49.57 50.69

| T=4 | CIFAR-10, Constant Encoding, RAT | CIFAR-100, Constant Encoding, RAT |
| Attack | CLEAN  GN  FGSM(C) PGD(C) | CLean  GN  FGSM(C) PGD(C) |
clean 91.29 90.86 84.13 83.33 70.85 68.87 58.1 58.05
gn 88.71 90.72 83.09 82.95 66.05 69.82 57.93 57.34
fgsm(C) 25.09 29.42 54.18 53.50 10.39 13.12 35.62 34.36
pgd(C) 0.49 3 42.76 44.44 0.34 1.71 27.1 29.89
fgsm(R) 84.62 87.55 81.68 80.90 53.15 64.34 56.31 55.08
pgd(R) 87.41 87.96 81.96 80.58 62.88 64.93 55.85 54.52

| T=4, m=1 | CIFAR-10, Rate Encoding | CIFAR-100, Rate Encoding |

| Attack | CLEaAN  GN FGSM(R) PGD(R) | CLeaAx  GN  FGSM(R) PGD(R) |
clean 79.55 79.36 76.89 76.36 50.9 50.89 45.85 46.98
gn 78.62 79.07 76.39 76.77 50.43 50.77 46.4 46.05
fgsm(C) 75.57 75.34 72.03 73.99 48.36 49.12 45.16 45.15
pgd(C) 76.23 76.06 73.03 78.87 47.94 48.95 45.74 45.38
fgsm(R) 43.69 43.31 55.05 55.27 25.75 24.84 31.64 32.47
pgd(R) 37.37 37.4 51.63 51.59 21.98 20.72 28.56 29.99

‘ T=4, m=10 CIFAR-10, Rate Encoding | CIFAR-100, Rate Encoding ‘

| Attack | CLEAN  GN  FGSM(R) PGD(R) | CLeax  GN  FGSM(R) PGD(R) |
clean 83.22 83.5 80.15 80.54 55.27 595.83 49.58 50.51
gn 83.54 83.41 80.33 80.41 54.82 55.2 49.84 50.15
fgsm(C) 80.29 79.94 76.41 78.22 52.76 53.6 49.19 48.3
pgd(C) 80.6 80.05 76.73 78.59 52.54 53.73 49.07 48.8
fgsm(R) 44.93 44.89 57.89 57.85 27.61 26.32 33.46 33.88
pgd(R) 37.74 37.58 52.27 53.08 22.79 21.5 30.03 31.05

Table 5.3: Experiments on CIFAR-10 and CIFAR-100 datasets demonstrate that under
the strongest attacks, rate encoded classifiers offer superior robustness compared to the
constant encoded counterpart. The columns represent different training (adversarial) pro-
cedures, while the rows stands for different adversarial attacks.

5.6.1 Robustness of Cross-entropy trained-Models

Table 5.3 compares the constant encoded network under different training algorithms with
the rate-encoded counterpart with cross entropy loss training. We highlight the minimum
accuracy against all attacks for each training method, reported column-wise. The mini-
mum robust accuracy represents the empirical robustness of a model when subjected to
arbitrary attack. It is found that for constant-encoded models, the pgd(C) attack gives
a minimum accuracy, while for the rate-encoded models, pgd(R) is the strongest. It can
be observed that RAT improves the robustness of the constant-encoded models. However,
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ImageNet-100, T=4 | clean  gn  fgsm(C) pgd(C) fgsm(R) pgd(R) |

CLEAN(C) 72.02 T1.78 4.98 0.02 51.18 61.1
CLEAN(C) +RAT 65.14 63.66  7.48 0.06 51.1 57.22
CLEAN(R), m 62.16 62 52.3 55.44 19.88  12.06
CLEAN(R), m= 10 64.18 64.1 58.42 60.24 28.04 19.86
| SVHN, T=4 clean  gn  fgsm(C) pgd(C) fgsm(R) pgd(R) |
CLEAN(C) 95.36 94.71 26.6 3.11 65.61 70.56
CLEAN(C) +RAT | 96.17 955 40.43 4.03 80.33 78.44
CLEAN(R), m=1 86.09 85.67 77.49 77.82 43.68 37.44
CLEAN(R), m=10 91.7 91.44 84.51 84.87 46.58 38.79

Table 5.4: Experiments on ImageNet-100 and SVHN show that rate-encoded models can of-
fer reasonable clean accuracy and significantly higher robust accuracy against the strongest
attacks.

rate-encoded models significantly improve robust accuracy compared to RAT. For exam-
ple, in CIFAR-10, CLEAN(R) is 37% more robust than CLEAN(C), while under adversarial
training, FGSM(R), PGD(R) improve the minimum robust accuracy by 9% and 18%,
respectively, compared to RAT. For CIFAR-~100, the improvement in robust accuracy is
22% for CLEAN(R), 3% for FGSM(R), and 13% for PGD(R), considering predictions
using m = 10.

A common criticism of the rate-encoded model is that it offers a lower accuracy on clean
images than constant encoding. Fig.5.2(a) shows on CIFAR-10 that the prediction of the
rate-encoded models can improve significantly with a better estimation of the smooth model
at the test time. The same observation can be made from Table 5.3 where shifting from
m=1 to 10 improves the clean accuracy by 4- 5 % across all rate-encoded models. A further
defense for rate-encoded models comes from Fig.5.2(d), where we vary the radius of the /.-
attack between [%, %], where € = 0, corresponds to clean images. It can be observed that
constant encoded models quickly lose accuracy even for small perturbations, showing the
relevance of rate-encoded models when there is a possibility of attack. Fig.5.2(c) studies
the effect of latency on robustness. Separately training the CLEAN(R) and FGSM(R)
models in various T' € {4, 6, 8,10} and measuring their clean and robust accuracy (against
pgd(R)). The results show that, although the clean accuracy improves with latency, the
robust accuracy drops, which confirms our theoretical results. In Section 5.6, we provide
full results for 7' = 8 to further confirm the same.

Results on other Datasets: We further compare the robustness of constant vs.
rate-encoding in larger datasets. Often, for large datasets such as ImageNet, adversarial
training can be computationally challenging due to the size of the dataset, which gets
multiplied by the temporal dimension of SNN. However, rate-encoding encoded classifiers
trained with clean images offer robustness properties and are computationally easier to
train. Table5.4 provides empirical robustness results for Imagenet-100 and the SVHN
dataset, where CLEAN(R) obtains significantly higher robust accuracy than other feasible
methods.
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‘ T=4 | CIFAR-10, Rate Encoding | CIFAR-100, Rate Encoding ‘

| r+108 = \ 02 03 04 045 | 01 02 03 04 045 |

CLEAN 7248 67.62 6029 49.71 37.01 | 41.8 37.62 32.02 2536 18.49
PGD(R) | 7323 685 61.69 51.58 38.78 | 41.48 37.31 3215 25.65 18.68

‘ T=4 | ImageNet-100, Rate Encoding | SVHN, Rate Encoding ‘

| CLEAN(R) | 51.38  46.7 41.04 33.54 24.52 | 81.67 76.85 69.15 56.67 41.18 |

Table 5.5: presents the certified test accuracy for rate-encoded SNN models at different
[i-norm radii for various static datasets.

5.6.2 Provable Robustness via Certified Accuracy

We provide the empirical certified test accuracy of the rate-encoded smooth classifier for
perturbation bounded under [;-norm radius. As given in Table 5.5, the radius varies

between [%, %], with L(T) = T3"~! representing the Lipschitzness of the smooth
classifier as in Lemma 7. We use the certify function with parameters mg = 10, m = 100,
and a = 0.01 to find the certified accuracy of the rate-encoded models. The certified radii
obtained are not entirely vacuous. For example, at 7" = 4, we have L(T) 108, so we
can obtain a certified accuracy at the radius %‘85 which is larger than = 255 Assuming 8-bit
pixels allows a single pixel in the image to be changed by 1. There remains also scope to
obtain the certificate at lower latencies, as highlighted in the section 5.3.2. Fig. 5.3 shows

a comparison between certified accuracy and robust accuracy under attack [;.

5.6.3 Comparison at Higher Latency

Table 5.6 compares the constant encoded SNN under different training algorithms with
their rate encoded counterpart at 7" = 8. Similar to Table 5.3 with T" = 4, adversarially
trained rate-encoding demonstrates superior accuracy compared to their constant encoded
counterparts. Also, it can be observed that for most cases in rate-encoded models, the
clean accuracy has improved when compared to T = 4, while the robust accuracy has
dropped. Our theoretical findings for rate-encoded models also confirm that rate-encoded
classifiers robustness decreases with higher latency.

5.6.4 Comparison of Empirical Robust Accuracy

We further compare the test fgsm /pgd attacks implemented with different back-propagation
techniques such as, Back Propagation Through Time (BPTT) [91], Backward Pass Through
Rate (BPTR) [21], Rate Gradient Attack (RGA) [ 1], and report the corresponding accu-
racies in the respective order. Table 5.7 shows the experiments conducted on CIFAR-10,
where BPTT produces the strongest attacks.
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‘ T=8 | CIFAR-10, Constant Encoding | CIFAR-100, Constant Encoding ‘
| Attack | CLEAN ~ GN  FGSM(C) PGD(C) | CLean  GN  FGSM(C) PGD(C) |

clean 90.29  92.28 81.71 82.69 73 71.2 55.21 56.96
gn 88.93  91.85 81.26 82.56 68.67 71 53.04 56.47
fgsm(C) 8.45  18.04 48.79 46.33 417 647 32.39 25.99
pgd(C) 0.07 1.11 39.41 41.04 0.1  0.67 17.37 23.36
fgsm(R) 71.03 8477 79.17 80.43 49.36  62.03 52.06 53.39
pgd(R) 75.54  84.49 79.48 81.35 61.36  62.84 51.01 54.55
| T=8,m=1 | CIFAR-10, Rate Encoding | CIFAR-100, Rate Encoding |
| Attack | CLEAN  GN  FGSM(R) PGD(R) | CLeAN  GN  FGSM(R) PGD(R) |
clean 83.77  83.57 80.43 80.64 54.26  48.73 48.78 50.85
gn 76.94  82.86 80.03 79.76 53.34  48.25 48.58 50.41
fgsm(C) 7049  78.85 76.63 77.05 51.36  42.6 47.87 48.34
ped(C) 7176 80.11 778 77.86 50.9 441 47.46 49.22
fgsm(R) 36.05  41.01 54.42 52.02 24.95 1774 33.51 28.87
pgd(R) 32.48 31.82  49.06 51.29 | 21.23 14.13  33.41 28.31

Table 5.6: Experiments on CIFAR-10 and CIFAR-100 datasets, with T = 8, demonstrate
that under the strongest attacks, rate encoded classifiers offer superior robustness compared
to the constant encoded counterpart. Columns represent different training (adversarial)
procedures, while rows represent different adversarial attacks.

5.6.5 Comparison Under Gaussian Noise Attack

The results in Table 5.3 with the gn attack use a Gaussian perturbation: = + §, where
§ ~ N(0,0%), with 0 = 8/255 &~ 0.031. The superior results obtained there for the
constant encoded models against Gaussian noise attacks can quickly break down as we
increase the strength of the attacks, as computed in Table5.8. For example, at ¢ = 0.1,
CLEAN (R) with m=10, provides 21.77% higher accuracy than CLEAN (C)+RAT.

5.6.6 Comparison Under ANN-SNN Converted Models

The theory of randomized smoothing holds irrespective of the base classifier we choose.
That is, whether we use the base classifier f (in Eqn. 1) from an adversarially trained
model or a converted model, the corresponding smooth classifier g, will be robust against
adversarial perturbation, i.e., g(x+0) = g(z). However, if the base classifier is not suitable,
the prediction g(x) can be incorrect, leading to poor clean and robust accuracy.

We conducted experiments ANN-to-SNN converted VGG-16 models on the CIFAR-10
dataset using recent conversion technique [12]. We find that under rate-encoding, converted
SNNs have low-clean accuracy at small latency T, which is a limitation of the base classifier,
which is trained to work with direct inputs, without the additional Bernoulli noise. This
can even happen to constant encoded SNN trained on clean images if we add large Gaussian
noise to the input (see Table 5.8 )
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‘ T=4 | CIFAR-10, Constant Encoding ‘
| Attack | CLEAN GN FGSM(C) PGD(C) |
clean 92.15 91.7 79.4 79.15
gn 90.62 91.25 78.84 78.28
fgsm(C) 10.68 | 16.08/10.68  15.95 | 22.40 | 15.53  48.86 | 55.79 | 52.73  48.56 | 55.55 | 52.12
pgd(C) 0.1]1.71 | 0.47 1.24 | 6.64 | 2.76  39.75 | 49.70 | 47.62 41.65 | 49.57 | 48.30
fgsm(R) 81.01 | 84.36 | 80.18  85.13 | 88.39 | 83.10 77.33 | 78.08 | 76.78  75.69 | 76.93 | 74.90
pgd(R) 85.14 | 88.84 | 82.49  85.07 | 88.73 | 82.48  77.42 | 78.40 | 77.02  75.29 | 76.46 | 75.13
| T=4 | CIFAR-10, Constant Encoding, RAT |
| Attack | CLEAN GN FGSM(C) PGD(C) |
clean 91.29 90.86 84.13 83.33
gn 88.71 90.72 83.09 82.95
fgsm(C) 25.09 | 25.90 | 15.40 29.42 | 34.45 [ 20.74 54.18 | 64.46 | 55.86  53.50 | 63.97 | 56.15
ped(C) 0.49 | 5.97 | 0.45 3|15.93|3.23 42.76 | 58.92 | 48.66 44.44 | 58.78 | 50.05
fesm(R) 84.62 | 84.06 | 82.94 87.55 | 88.59 | 87.11  81.68 | 82.56 | 81.45  80.90 | 82.53 | 0.63
pgd(R) 87.41 | 88.29 | 85.75 87.96 | 89.15 | 87.41 81.96 | 82.95 | 81.60  80.58 | 82.52 | 80.33
‘ T=4, m=1 | CIFAR-10, Rate Encoding ‘
\ Attack \ CLEAN GN FGSM(R) PGD(R) \
clean 79.55 79.36 76.89 76.36
gn 78.62 79.07 76.39 76.77
fgsm(C) 75.57 | 78.01 | 75.62  75.34 | 77.75 | 75.36  72.03 | 73.01 | 73.00  73.99 | 75.81 | 74.50
pgd(C) 76.23 | 78.73 | 76.19  76.06 | 78.74 | 76.30  73.03 | 74.76 | 73.35  74.87 | 76.62 | 75.15
fgsm(R) 43.69 | 55.97 | 46.02  43.31 | 54.90 | 45.30  55.05 | 62.49 | 56.06  55.27 | 63.42 | 55.77
pgd(R) 37.37 | 51.71 | 39.48  37.4 | 50.79 | 40.0  51.63 | 59.92 | 52.12 51.59 | 61.21 | 51.99
| T=4, m=10 CIFAR-10, Rate Encoding |
| Attack | CLEAN GN FGSM(R) PGD(R) |
clean 83.22 83.5 80.15 80.54
gn 83.54 83.41 80.33 80.41
fgsm(C) 80.29 | 82.65 | 80.05 79.94 | 82.04 | 80.37 76.41 | 77.97 | 76.82  78.22 | 79.88 | 78.6
ped(C) 80.6 | 82.93 | 80.51  80.05 | 82.73 | 80.27 76.73 | 78.87 | 76.76  78.59 | 80.15 | 78.69
fgsm(R) 44.93 | 59.58 | 47.64 44.89 | 57.75 | 47.54 57.89 | 65.94 | 58.63  57.85 | 66.87 | 59.03
pgd(R) 37.74 | 53.68 | 40.97 37.58 | 52.2 | 40.46 52.27 | 62.07 | 53.77 53.08 | 63.93 | 54.19

Table 5.7: We compare the test fgsm/pgd attacks implemented with different back-
propagation techniques such as BPTT, BPTR, and RGA and report the corresponding
accuracies in the respective order. The results show that, most often, BPTT produces the
most potent attacks.

It is interesting to note that, (i), while the clean accuracy of rate encoding is lower
than that of directly trained SNNs, the robust accuracy (minimum accuracy across among
the attacks) of rate encoding surpasses that of SNNs with constant encoding. (i) The
clean accuracy of rate encoding keeps improving larger T, but the robust accuracy initially
increases (due to better prediction) but eventually drops, possibly due to the effect of T
as found in our theory. (T=4: 11.49, T=32:16.36, T=64: 18, T=128: 15.76). A similar
observation was made in directly trained SNNs, as given in Table 5.6, since we evaluated
direct trained models at T=4 vs T=8. (iii) A similar drop in robust accuracy for constant
encoded models may hint at the rate-encoded nature of spikes in general SNN layers, as
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o 005 01 02 03 04 05

CLEAN(C) 86.03 59.58 22,8 14.63 13.14 11.73
CLEAN(C)+RAT | 843 60.3 26.01 16.01 12.66 11.26
CLEAN(R), m=1 | 7838 77.74 72.58 61.77 48.38 35.13
CLEAN(R), m=10 | 83.13 82.07 77.65 66.26 51.14 36.66

Table 5.8: Under stronger Gaussian noise rate-encdoed SNNs show superior robustness.

Constant Encoding Rate encoding

Attack T=4 32 64 128 | 4 32 64 128
clean 9258 9547 9547 95.51 | 11.83 24.12 415 63.11
gn 85.84 89.1 8898 8897 |11.54 228 38.35 574
fgsm(C) 21.02 14.25 15.85 17.56 | 11.14 17.43 23.64 28.8
ped(C) 0.2 0.03 0.02 0.03 | 11.24 17.56 23.54 26.2
fgsm(R) 73.59 64.54 37.34 14.7 | 11.49 16.36 18 15.76
pgd(R) 87.46 82.53 5836 11.9 | 11.46 17.54 18.94 13.92

Table 5.9: Converted SNN model trained on CIFAR10 dataset

reported in [11].

5.6.7 Training Hyper-parameters and Time

Table 5.10 reports the training hyper-parameters used across the four datasets. Addition-
ally, Table 5.11 reports the time required by each epoch of various adversarial training
methods on a single NVIDIA RTX A6000 GPU. For example, the column FGSM (C/R)
report that constant and rate encoded adversarial training takes the same amount of time
for one epoch.

5.6.8 Comparison with Sparse Adversarial Perturbations
The certified accuracy is further compared with robust accuracy obtained with respect to

pegd attack within an adversarial budget [;. The projection in the [; ball is implemented
using the code from [17]. Figure 5.3 compares the results on different datasets.

5.6.9 Comparison of Pairwise and Pointwise Robust accuracy
Experimental results reveal a notable disparity in robust accuracy between pairwise and

pointwise trained models. Pairwise trained models, utilizing a margin-based approach,
exhibit significantly higher robustness against adversarial attacks compared to pointwise
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Table 5.10: Training hyper-parameters

CIFAR-10/100 ImageNet-100 SVHN
Number epochs 200 200 200
Mini batch size 64 64 64
T 48 4 4
LIF: g8 0.5 1 0.5
LIF: ug 0 0 0
LIF: uyp, 1 1 1
Learning Rate 0.1 0.1 0.1
FGSM/PGD/GN: € 8/255 8/255 8/255
PGD (train): n 2/255 na na
PGD (train) Iteration 4 na na
PGD (test): 7 2.55/255 2.55/255 2.55/255
PGD (test) Iteration 7 7 7

Optimizer: SGD with momentum: 0.9, weight decay: 5 x 10~%, Rate Scheduler: cosine annealing

Table 5.11: Training time per epoch (in seconds)

| | CLEaN (C/R) GN (C/R) FGSM(C/R) PGD(C/R) |

CIFAR-10 65 66 106 150
CIFAR-100 48 48 72 251
Imagenet-100 704 na na na
SVHN 95 na na na

trained models. For instance, at T=4T=4, pairwise trained models achieve a robust ac-
curacy of 38.14%, while pointwise trained models only reach 0.1%. This highlights the
effectiveness of margin-based separation in defending against adversarial examples.

5.7 Discussions

This work provides a theoretical grounding for the empirical observations of the adversarial
robustness of the rate-encoded classifiers in pariwise or pointwise setting. Consequently,
we improve the classifier’s prediction at test time by better estimating the corresponding
smooth classifier. In addition, we improve the empirical robustness of rate-encoded classi-
fiers by adversarial training, which uses a novel implementation of gradient-based attacks.
The future scope for research remains open to reduce the gap between empirical and the-
oretical results on the shrinkage of the certified radius with latency and other norm-based
attacks.
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Figure 5.3: We compare the empirical robust accuracy of a CLEAN(R) model under
the PGD attack with its certified accuracy across various [y radius values and for dif-

ferent datasets. The corresponding gap highlights the scope for improvement in theoreti-
cal /experimental results.
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Chapter 6

Conclusion and Future Work

This thesis presents an exploration of online kernelized pairwise learning algorithms, their
computational efficiency, application in non-i.i.d. data scenarios, enhancement of adver-
sarial robustness in classifiers, and investigation of deep metric learning within SNNs.
Here, we summarize the core contributions of our study and propose directions for future
research.

Contributions and Findings

e In Chapter 2 we introduced a lightweight online kernelized pairwise learning algo-
rithm designed for both linear and non-linear models. Incorporating an online clus-
tering mechanism, enhancing the algorithm’s ability to handle real-time data streams.
This modification not only preserved computational efficiency, but also introduced a
scalable method to manage gradient complexity across linear and nonlinear models.

e Chapter 3 expanded upon this by employing a moving average along with random
examples, significantly reducing the complexity of the gradient with non-i.i.d.. The
use of random Fourier mapping for kernel function approximation has proven to
be effective in addressing the challenges associated complex data, demonstrating a
novel method to mitigate kernel complexity through dual evaluation of gradients and
dynamic averaging.

e Chapter 4 explored deep metric learning in the context of SNNs, assessing the
impact of various data encoding strategies, loss functions and architectures. Our
experiments across multiple benchmark datasets illuminated the intricate relation-
ships between encoding strategies, temporal dimensions, and performance efficacy.
Comparative analysis of loss functions revealed critical considerations for optimizing
SNN classification accuracy, suggesting avenues for future development in encoding
techniques and loss function selection.

e In Chapter 5, our research investigated the adversarial robustness of rate-encoded
classifiers, offering both theoretical insights and practical improvements. By focus-
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ing on empirical robustness through adversarial training and novel gradient-based
attacks, we bridged the gap between theory and practice. This investigation under-
scores the need for ongoing research to further reduce disparities between empirical
and theoretical outcomes, particularly with regard to certified radius and norm-based
attacks.

Future Work

The work presented in this thesis lay the groundwork for several promising directions of
future research:

e FEnhancing Algorithm Robustness: Further investigation into multiple moving aver-
ages and online clustering mechanisms could offer new insights into increasing the
adaptability and robustness of online kernelized pairwise learning algorithms.

e Bridging Theoretical and Empirical Gaps: There remains a significant opportunity
to narrow the discrepancy between theoretical predictions and empirical observations
in adversarial robustness, particularly in the context of rate-encoded classifiers.

e Advancing Encoding Strategies: Developing novel data encoding techniques that pro-
vide greater flexibility and compatibility with data augmentation strategies could
revolutionize the performance of SNNs, potentially surpassing traditional ANN ac-
curacies.

e Fxploring Loss Function Compatibility: Identifying optimal combinations of loss
functions, encoding strategies, and neural network architectures remains a key chal-
lenge, with the potential to significantly improve classification performance in SNNs.

In conclusion, our thesis not only contributes to the existing body of knowledge on
online kernelized learning algorithms, adversarial robustness, and deep metric learning, but
also opens up new pathways for research that could lead to more sophisticated, efficient,
and robust machine learning models in the future.
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