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ARTICLE INFO ABSTRACT

Keywords: Graph Out-of-Distribution (OOD), requiring that models trained on biased data generalize to the unseen
Graph out-of-distribution test data, has considerable real-world applications. One of the most mainstream methods is to extract the
Probability of necessity and sufficiency invariant subgraph by aligning the original and augmented data with the help of environment augmentation.

Domain generalization However, these solutions might lead to the loss or redundancy of semantic subgraphs and result in suboptimal

generalization. To address this challenge, we propose exploiting Probability of Necessity and Sufficiency (PNS)
to extract sufficient and necessary invariant substructures. Beyond that, we further leverage the domain variant
subgraphs related to the labels to boost the generalization performance in an ensemble manner. Specifically, we
first consider the data generation process for graph data. Under mild conditions, we show that the sufficient and
necessary invariant subgraph can be extracted by minimizing an upper bound, built on the theoretical advance
of the probability of necessity and sufficiency. To further bridge the theory and algorithm, we devise the model
called Sufficiency and Necessity Inspired Graph Learning (SNIGL), which ensembles an invariant subgraph
classifier on top of latent sufficient and necessary invariant subgraphs, and a domain variant subgraph classifier
specific to the test domain for generalization enhancement. Experimental results demonstrate that our SNIGL
model outperforms the state-of-the-art techniques on six public benchmarks, highlighting its effectiveness in
real-world scenarios.

1. Introduction relevant and irrelevant graph representations. Since the spurious cor-
relations lead to the poor generalization of GNNs, Fan, Wang, Shi,
Graph representation learning with Graph Neural Networks (GNNs) Cui, and Wang (2023) leverage stable learning to extract the invariant

has gained remarkable success in complicated problems such as intelli- components. Recently, several researchers have considered environ-
gent transportation and the inverse design for polymers (Chen, Pilania

et al., 2021; Rahmani, Baghbani, Bouguila, & Patterson, 2023). Despite
their considerable success, GNNs generally assume that the testing
and training graph data are independently sampled from the identical
distribution (IID). However, the validity of this assumption is often

ment augmentation to extract invariant representations. Liu, Zhao, Xu,
Luo, and Jiang (2022a) employ a rationale-environment separation
approach to address the graph-OOD challenge. Chen, Bian et al. (2024)
further utilize environment augmentation to enhance the extraction

difficult to guarantee in real-world scenarios. of invariant features. Li, Xu et al. (2023) employs data augmentation

To solve the Out Of Distribution (OOD) challenge of graph data, one techniques to provide identification guarantees for the invariant latent
of the most popular methods (Li, Wang, Zhang, & Zhu, 2023; Li, Wu, variables. In summary, these methods aim to achieve the invariant
Nie & Yan, 2022; Liu et al., 2023; Sui et al., 2022; Zhao, Chen, Hu, representation by balancing two objectives: (1) aligning the original

& Cho, 2020) is to extract domain invariant features of graph data for
domain generalization (DG). Previously, Li, Wang et al. (2023) address
the OOD challenge by eliminating the statistical dependence between

and invariant feature spaces, and (2) minimizing the prediction error
on the training data.
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(a) A graph space that corresponds (b) Example of distribution shift between training/test domain.
Orange area is labeled “house” and purple area is labeled “grid”.

to a certain label on a domain.
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(c) The correlation between the domain
invariant/variant features of graph data and labels.

Fig. 1. Illustration of graph OOD methods with invariant subgraph learning, (a) Existing methods exploit either sufficient (SF) or necessary (NC) invariant features due to the
unclear trade-off between invariant graph feature space constraint and prediction loss. Our method exploits necessary and sufficient (NS) invariant features that achieve the optimal
trade-off, and ensembles domain variant features to further improve generalization. (b) To illustrate the concepts of these features, we provide a toy example of a dataset with
distribution shifts for graph classification. (¢) The first line is all SF or NC invariant features for the “house” label, where NC features may lead to two labels and SF features may
not be included in each “house” graph. In the third line, the correlation between variant features and labels will change with the domain where these features are located.

Although existing methods with environmental augmentation have
achieved outstanding performance in graph OOD, they hardly extract
optimal invariant subgraphs due to the difficulty of the trade-off be-
tween invariant alignment and prediction accuracy. To better under-
stand this phenomenon, we provide a toy example of graph classifi-
cation, where the “house” and “grid” labels are determined by the
house-like and grid-like shapes respectively. Existing methods that
balance the feature alignment restriction and the classification loss
might result in two extreme cases. The first case is that GNNs put more
weight on optimizing the classification loss. In this case, GNNs tend to
extract latent sufficient invariant subgraphs. For example, Gy and G,
in Fig. 1(c) are sufficient subgraphs of the “house” label, because these
subgraphs with house-like shapes will only lead to the “house” label.
However, G, is not an optimal invariant subgraph of “house”, because
it is not necessary, that is, other “house” samples may not contain G,
such as G, in Fig. 1(b), could result in classification errors. The second
case is that the alignment restriction is over-heavily strengthened. In
this case, GNNs tend to extract latent necessary invariant subgraphs,
that is, subgraph structures shared by most samples of the same class.
For example, G, and G,;, as shown in Fig. 1(c), are both necessary
invariant subgraphs of the “house” label, because all graphs of this class
contain G,; and G,,. However, G, is not an optimal invariant subgraph
because it is not sufficient, that is, G;; may cause the model to be
incorrectly classified into the “grid” label, because “grid” samples (such
as G; and Gg) also contain subgraph G,;. Thus, it is vital to develop
graph learning methods for achieving the optimal trade-off between
prediction accuracy and invariant subspace constraints.

Based on the examples above, an intuitive solution to the graph
OOD problem is to extract the sufficient and necessary invariant sub-
graphs for prediction. As shown in Fig. 1(c), the subgraph G, is one
of the optimal invariant subgraphs for the “house” label, because G,
is shared by all the graphs of the “house” label (necessity), and G,
can uniquely lead to the “house” label (sufficiency), which allows
for the accurate prediction of “house” in any domain. However, in
reality, not every label has necessary and sufficient invariant features,
such as the “grid” label, since any of its necessary invariant subgraphs
(e.g., G;;) may lead to the “house” label. To address this challenge,
our key observation is that domain variant features are also helpful
for predicting a certain domain if they are related to labels in that
domain. Fig. 1 illustrates the ability of subgraph G,; in predicting
the “house” label in the test set. Under this intuition, we propose
a Sufficiency and Necessity Inspired Graph Learning (SNIGL) method
to exploit the domain variant subgraphs and sufficient and necessary
invariant subgraphs for prediction. Specifically, to learn the necessary
and sufficient invariant feature subspace, we resort to Probability of
Necessity and Sufficiency (PNS) (Pearl, 2022) in causality, a notion for
quantifying the probability that an event A is a necessary and sufficient
cause of an event B. Based on PNS, we reduce this goal as a PNS
optimization problem with respect to the invariant features. Since com-
puting PNS is intractable since the counterfactual data is not available.

We then propose a flexible PNS lower bound to solve this challenge
under mild assumptions. In order to fill the gap of the lack of necessary
and sufficient invariant features for some labels in the test domain, we
propose a principled ensemble framework that combines invariant and
variant features. Since the labels of the test domain are not available,
we first train a biased domain variant feature classifier specific to the
test domain through the pseudo-labeled data based on the training set
and derive the calibration method under suitable assumptions. Finally,
our proposed SNIGL is validated on several mainstream simulated
and real-world benchmarks for application evaluation. The impressive
performance that outperforms state-of-the-art methods demonstrates
the effectiveness of our method.

2. Preliminaries
2.1. Problem setup

In this paper, we focus on domain generalization in graph classifi-
cation where GNNs are trained on data from multiple training domains
with the goal of performing well on data from unseen test domains.
Formally, we consider datasets D = {D°},cgmin collected from m
different training domains or environments 72" = {1, ..., m}, with each
dataset D° = {(G},){ )};';1 containing graph data pairs (G¢,Y,) sampled
independently from an identical distribution P(G,Y|E = e), where
G, E,Y denotes the variables of input graph, environment (i.e., domain
indicator) and ground-truth label. G; = (V,, £;, X;) denotes the ith graph
instance where V), is a set of nodes, £; C V, x V), is a set of edges and
X, € RIixd" s the node feature matrix. Each row of X, denote the
d”i-dimensional feature vector for node v € V,. Let G and Y be the
graph and label space. The goal of domain generalization on graphs
is to learn an invariant GNN gqof that performs well on a larger set
of possible domains £2ll 5 gUrain where f- : ¢ — R is the encoder
of invariant GNN that is used to extract domain invariant subgraph or
representation C = f-(G) from each graph G and g, : R? — Y is the
downstream classifier to predict the label Y = g~(C).

Graph generation process. Generating predictions that can gener-
alize out of distribution requires understanding the actual mechanisms
of the task of interest. Following previous works (Chen et al., 2022a;
Von Kiigelgen et al., 2021), here we present a

generation process of graph data behind the graph classification
task, by inspecting the causalities among five variables: input graph
G, ground-truth label Y, domain invariant subgraph C, domain variant
subgraph S and environment E, where noises are omitted for simplic-
ity. Fig. 2 illustrates the causal diagram, where each link denotes a
causal relationship between two variables. C — G « S indicates that
the input graph G consists of two disjoint components: the invariant
subgraph C and the variant or unstable subgraph S, according to
whether they are affected by environment E, such as the orange and
green components of G, in Figure X. Moreover, C — Y — S indicates
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Fig. 2. The causal graph for domain generalization problem on Graph (Arjovsky,
Bottou, Gulrajani, & Lopez-Paz, 2019). Gray and white nodes denote the latent and
observed variables, respectively.

C is partially informative about Y, i.e., (S,E) £ Y | C (Chen et al.,
2022a). C — Y indicates the labeling process, which assigns labels
Y for the corresponding G merely based on C. Taking the house
classification example in Fig. 1 again, C of input graph G, can be the
Gy, G or Gy; (which one is better will be discussed in Section 2.2),
which perfectly explains why the graph is labeled as “house”. Note
that this generation process is critical for applying Theorem 2 (details
provided in Section 3.2) to ensemble variant features since it satisfies
the conditions S L C|Y and C LY.

2.2. Probability of necessity and sufficiency

Current OOD generalization methods on graph data mainly focus on
learning only domain invariant features for label prediction. However,
domain-invariant features can be divided into three categories, each of
which has different effects on graph label prediction.

(1) Sufficient but unnecessary causes. Knowing cause A leads to
effect B, but when observing effect B, it is hard to confirm A is the
actual cause. For example, the domain invariant feature G, can predict
the label “house”, but a graph with the label “house” label might
not contain this feature, such as G,. (2) Necessary but insufficient
causes. Knowing effect B we confirm the cause is A, but cause A
might not lead to effect B. For example, if the input graph does not
contain the invariant feature G|, then we can confirm that the label
of this graph is not “house”. However, graph G, with the “grid” label
also has the same invariant feature G,; as a “house”. Thus invariant
feature G|, is not a stable feature to predict houses. (3) Necessary and
sufficient causes. Knowing effect B we confirm the cause is A, and we
also know that A leads to B. In the “house” and “grid” classification
tasks, invariant feature G, could be a necessary and sufficient cause.
It is because G allows humans to distinguish a “house” from a “grid”,
and when we know there is a “house”, G, must exist. In conclusion,
the accuracy of predictions based on domain-invariant features with
sufficient necessary information will be higher than those based on
other types of invariant features.

In order to learn sufficient and necessary domain invariant features
of the input graph, we resort to the concept of Probability of Necessity
and Sufficiency (PNS) (Pearl, 2022), which is defined as follows.

Definition 1 (Probability of Necessity and Sufficiency (PNS (Pearl, 2022)).
Let the specific values of domain invariant variable C and label Y be ¢
and y. The probability that C = ¢ is the necessary and sufficiency cause
of Y =yis

PNS(C=c,Y =) i= P(Vyyeeey =V | C# .Y # ) P(C# Y # )

sufficiency

+ P(Yypcte) #Y1C=c,Y =p) P(C=cY =y).

@

necessity

In the above definition, the notion P(Yyoc=c) = YIC # ¢, Y # )
means that we study the probability of Y # y when we force the vari-
able C to be a value do(C = ¢) (i.e., perform the do-calculus (Pearl et al.,
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2000)) given a certain factual observation Y # y and C # c. The first
and second terms in PNS correspond to the probabilities of sufficiency
and necessity, respectively. Event C=c has a high probability of being
the sufficient and necessary cause of event Y=y when the PNS value is
large.

3. Theory: Unifying invariant and variant features for graph OOD
via PNS

In this section, motivated by the fact that not necessary or not
sufficient invariant features may be harmful to domain generalization
on the graph, we present our main theoretical result which shows how
to unify invariant and variant subgraphs for graph OOD via PNS. We
begin by describing how to extract necessary and sufficient invariant
information by identifying the subspace of the variable C. Since not
every graph contains this invariant subgraph, we describe how to
alleviate this problem by reconstructing P(Y|C,S) from P(Y|C) and
P(C, S) which involves exploiting domain variant features to enhance
domain generalization.

3.1. Necessary and sufficient invariant subspace learning

In this section, we assume that the invariant subgraph C has already
been identified, which can be easily achieved using existing OOD
methods (Chen, Bian et al., 2024; Chen et al., 2022b). This assumption
allows us to focus on the main problem of this study: extracting the
necessary and sufficient invariant features from the identified invariant
information. We first reduce this problem to an optimization for PNS,
i.e., identify the subspace of C with the largest PNS with respect to C
and Y given a graph G. However, PNS is usually intractable because
counterfactual data are not available. We show this issue can be solved
exactly by deriving the lower bound of PNS for optimization.

We now formalize the two key assumptions underlying our ap-
proach. These assumptions below will help us derive the lower bound
of PNS based on conditional probability.

Definition 2 (Exogeneity (Pearl et al., 2000)). Variable C is exogenous
relative to variable Y if C and Y have no common ancestor in the graph
generation process.

Definition 3 (Consistency (Herndn & Robins, 2010; Pearl et al., 2000)).
If variable C is assigned the value ¢, then the observed outcome Y is
equivalent to its outcome Y, of intervention; i.e., if C = ¢, then
Y = Yio(c=0)-

Note that the exogeneity assumption is reasonable since C repre-
sents features that remain stable across different environments, which
is different from Y. By assuming exogeneity, we will eliminate the
gap between the intervention and conditional distributions in Eq. (1),
ie., P(Yyyc=e) = W=PX = y|C = ¢) (Pearl et al., 2000). Addition-
ally, the obvious and mild consistency assumption actually serves to
define the outcome of the intervention. The specific roles of these two
assumptions are further elaborated in Theorem 1 below.

Reduction to the optimization problem for PNS. Suppose we
have used the training data to learn the invariant GNN gco f- and thus
know P(C|G) = fc(G) and P(Y|C) = g-(C), and recall that our goal
is to predict Y using the necessary and sufficient invariant features
about C from G. Thus, our task becomes to reconstruct P(C|G), that
is, to find a subspace in C that contains all necessary and sufficient
causes for the label Y of G. By Definition 1, a trivial solution is to
find the subspace of C for a given G that maximizes PNS. However,
computing the intervention probability is a challenging problem since
collecting the counterfactual data is difficult, or even impossible in real-
world scenarios, it is not feasible to optimize PNS directly. Fortunately,
motivated by probabilities of causation theory (Pearl, 2022), we show
that the lower bound of PNS can be theoretically identified by the
observation data under proper conditions.
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Theorem 1 (Lower Bound of PNS). . Consider two random variables C and

Y. If exogeneity and consistency assumptions hold, then the lower bound of

PNS(C =c¢,Y =y) is as follows:

P(Y =y|C=c)-P(Y =y)
1 —EgLP(C = c|G)]

max( ,o) < PNS(c, y) @

Proof Sketch of Theorem 1.

We begin by deriving the lower bound of the probability P(A, B)
for arbitrary events A and B based on Bonferroni’s inequality. Then,
by consistency assumption, we express P(A, B) in the form of PNS
(Definition 1). Finally, by exogeneity assumption, we use conditional
probability to identify intervention probability P(Y;,c= = »)=P(Y =
y|C = ¢). This yields the lower bound of PNS as shown in Eq. (2) (full
proof is provided in Appendix A).

Theorem 1 inspires us that when counterfactual data is unavailable,
we can reconstruct P(C|G) by maximizing the lower bound of PNS to
extract the necessary and sufficient invariant feature subspace in C.
The following section will present a reconstruction objective for P(C|G)
based on the lower bound of PNS.

3.1.1. PNS risk
Based on the PNS lower bound (Eq. (2)), this section presents the
PNS risk which shows how to estimate the subspace of variable C.
The objective decreases when the subspace of variable C contains
less necessary and sufficient information. The objective is based on
the lower bound of PNS (Eq. (2)). Formally, given the distribution of
invariant features P(C|G), we use the notation P, (C|G) to present the
estimated reconstructed distributions which are parameterized by 6¢,
and the support of Py (C|G) denote the subspace of C. We can adapt
Py (C|G) to minimize the following PNS risk with respect to 6. on
environment e:
RYs(Pye(CIG), P(Y|C)) =
PY =y|E=e)— P(Y =y|C =) 3
1 —EglPye(C=¢c|G|E=¢ [

P(Y=y|C=c)—P(Y=y|E=¢) ;
where E,__ PH‘<C|G>[W)J represents the expectation of

the lower bound of PNS (Eq. (2)) over Py (C|G) given a graph G.
Note that the identification of the subspace of C of G containing
only necessary and sufficient features can be confirmed when above
expectation of the lower bound equal to 1. Otherwise, the learned
subspace may contain not sufficient or not necessary information.

In general, although Eq. (3) is capable of learning subspace for each
input graph G with values of PNS as large as possible, for some graphs
G, their PNS may be less than 1. One main reason is that some graphs
may not have sufficient and necessary invariant features, such as G;
and G, in Fig. 1. This usually leads to significant performance drops or
even complete failure. To mitigate the negative impact of insufficient
or unnecessary invariant features, the following section demonstrates
that, we can also use domain variant subgraphs S that are related to
the label Y.

EG'»YNP(G,Y\E=Z)EC~P9c ICeilel) [

3.2. Ensemble learning with variant features

In this section, to mitigate the negative impact of not sufficient or
not necessary invariant subgraphs on prediction, our key observation
is that if the domain variant subgraph S is related to the label Y, then
we can improve prediction accuracy by ensembling predictions based
on unstable or domain variant subgraphs specific to the test domain e.
Based on this observation, we describe a boosted joint GNN in the test
domain e as a combination of an invariant GNN g.o f and an unstable
GNN gg ,ofs training on the domain variant subgraphs on test domain
e. The unstable GNN g .o fs is composed of a domain variant subgraph
extractor fg : G — (¥, )™ across domains, and a domain-specific
classifier gg, on test domain e, where » is the number of nodes of G.
Then, the boosted joint GNN is denoted by

Y = COMBINE((g¢(fc(G)). g5..(f5(G))). C))

Neural Networks 184 (2025) 107044

The components g.o f- and f¢(G) of Eq. (4) can be obtained through
our PNS risk (Eq. (3)) and conditional independence test penalty, which
will be introduced in Section 4.1. However, it is non-trivial to derive
a principled choice for the COMBINE function and learn the classifier
gs.. specific to the test domain e because we do not have labels in the
test domain e. Building upon the work of Eastwood et al. (2023), we
adopt pseudo-labels Y, = arg max; gc(fc(G;)) denoting the jth entry of
the prediction for G;. In other words, we need to analyze the problem
of using these pseudo-labels to learn gg , in the test domain e without
true labels. Cian Eastwood et al. reduce this to a “marginal problem” in
probability theory, i.e., the problem of identifying a joint distribution
based on information about its marginals.

Reduction to the marginal problem. Suppose we have enough
unlabeled data from test domain e to learn P(C, S|E = e), our goal is
to predict Y from (C, S) in test domain e. Our key observation is that if
we can decompose P(Y|C, S, E) into two terms, P(Y|C) and P(Y|S, E),
then we can utilize P(Y|C, S) to achieve optimal prediction of Y from
(C,S,E). Thus, our task is broken down into the reconstruction of
PY|C,S) from P(Y|C) and P(Y|S, E). With the help of a marginal
problem theory (Eastwood et al., 2023), the theorem below demon-
strates that, under our assumption of causal relationships between
variables in Fig. 2, we can exactly recover these terms. To simplify
notation, we assume the label Y is binary and leave the multi-class
extension for Appendix C.

Theorem 2. Consider variables C, S, Y, and E, where Y is binary (Y €

{0,1}). If S L C|Y and C LY, then the distribution P(Y = 1|C, S, E) can

be decomposed into three components: P(Y|C), P(Y|S, E), and P(Y = 1).

Specifically, if ¥ ~ Bernoulli(P(Y = 1|C)) is a pseudo-label, then we have

P(Y = 1|C, S, E) = o(logit(P(Y = 1|C)) + logit(P(Y = 1|5, E)) + logit(P(Y = 1)))
P =1|S,E)+ P(¥ =0]Y =0)— 1

P(Y =1|S,E)= — — s

PA =0y =0)+ PP =1]Y = 1) — |
P(Y=1|Y=1)=w p(?=0|Y=o)=M
Ec[P(Y = 1|0)] ° Ec[P(Y =0|C)]

()

Intuitively, the second row of Eq. (5) shows how to calibrate the
distribution of pseudo labels P(Y|S, E) to the distribution of true labels
P(Y|S, E), in other words, it provides a way for us to obtain a domain-
variant subgraph classifier gg, specific to the test domain e even
without true labels. The first row of Eq. (5) shows how the predictions
of invariant subgraphs C and variant subgraphs .S are ensembled,
justifying the combination function
COMBINE(P(Y = 1|C), P(Y = 1|S,E)) =

6
o(logit(P(Y = 1|C)) + logit(P(Y = 1|5, E)) + logit(P(Y = 1)) ©

Note that according to Theorem 2, if .S and Y are independent, then
integrating domain variant features into the model will not actually
help improve predictions.

Proof Sketch of Theorem 2.

Our proof consists of two parts. The first part is to calibrate P(Y =
1].5). We first use the law of total probability to insert the variable Y
to P(Y = 119), i.e.,

PY =118)=PY =1|5)-PF =1|S,Y = D+ PY =0|S5)-P(¥ =1|S,Y =0)

and according to our assumption of causal relationships between vari-
ables in Fig. 2, we have S L C|Y, and since ¥ is determined by C, we
can eliminate .S from P(Y|S,Y), as follows.

PY =118)=PY =1|5)-P¥ =1|Y = )+ PY =0|S)- P¥ =1]Y =0)

Hence, re-arranging the above equality will give us the conditional
distribution P(Y = 1|S) (Eq. (5)). The second part of the proof is to
decompose P(Y|C, S, E) into two terms, P(Y = 1|S, E) and P(Y = 1|C).
We first calculate the Odds of probability P(Y|C, S, E), that is,
P(Y =1|C,S,E) _P(Y =1)P(C,S,E|Y = 1)

P(Y =0|C,S.E) P(Y =0)P(C,S,E[Y =0) 7
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Since C L {S, E}|Y, we have P(C, S, E|Y) = P(C|Y)P(S, E|Y). Substi-
tuting this equality into Eq. (7), we get the logit of P(Y = 1|C, S, E) as
follows.

logit(P(Y = 1|C, S, E)) =

8
logit(P(Y = 1)) + logit(P(Y = 1|5, E)) + logit(P(Y = 1|C)) ®

Since the sigmoid o is the inverse of logit, we can write the distribution
P(Y =1|C, S, E) in terms of the conditional distributions P(Y = 1|, E)
and P(Y = 1|C) and the marginal P(Y = 1). Full proof is provided in
Appendix B.

Remark 1. Eq. (4) utilizes almost all the information in the input
graph G through separate modeling on the training domain and the
test domain e, because we need to extract sufficient and necessary do-
main invariant features from the training domain and domain varying
features specific to the test domain e for prediction. If we do not model
separately, i.e., only train a single model, it is difficult for this model
to extract the features from the training domain that are specific to the
test domain e.

4. Algorithm: Sufficiency and necessity inspired graph learning

In this section, we will leverage the above theoretical results and
propose a data-driven method called Sufficiency and Necessity Inspired
Graph Learning (SNIGL) to employ necessary and sufficient invariant
subgraphs and domain variant subgraphs specific to the test domain e
for domain generalization. On the training domains, we describe learn-
ing an invariant GNN that extracts necessary and sufficient invariant
features and an unstable GNN that extracts domain variant features.
On the test domain, we then describe how to combine these features to
enhance the performance of domain generalization.

4.1. Training domains: Learning necessary and sufficient invariant and
variant subgraphs

Our goal in the training domains is to learn three modules fyc, gy
and f,s parameterized by 6¢, ¢° and 6%, respectively. The first two
modules are the estimated necessary and sufficient invariant subgraphs
extractor fy. and its downstream classifier gy, which form the invari-
ant GNN gyco fye. The third module is the variant subgraphs extractor
fos across domains that will be employed to adapt a classifier ggs.
specific to the test domain e, which form the unstable GNN ggs.o fps
in the test domain e.

To achieve these learning goals, let Ryyy denote the risk of learn-
ing invariant GNNs proposed by existing methods, Rjui, denotes the
risk (e.g., cross entropy) of the joint predictions COMBINE(gye o fpc,
8y 0fos) (Eq. (6)) of the invariant GNN gycofy. and unstable GNN
s ©.fgs specific to the training domain ¢’, and R; denote the penalty
encouraging conditional independence C L S|Y. Technologically, we
estimate modules fy. and g4 in three steps. First, we encourage the
estimated invariant GNN g,cofyc to learn an invariant feature space
through the invariant risk. Second, use our proposed PNS risk Ryg to
further encourage gycofy. to find necessary and sufficient invariant
subgraph space. In the meanwhile, we estimate the variant feature
extractor f,s in three steps. First, we introduce its downstream clas-
sifiers 8gser € € gain on each training environment to form the
estimated unstable GNNs g,s.ofys on training domains. Second, we
use the COMBINATION function (Eq. (6)) to jointly train the above
invariant GNN and unstable GNNs. Third, given that the condition of
the COMBINATION function is that C L S|Y, we add a penalty term
R, to the model. In summary, the aforementioned three steps can be
formalized as the following objective.
pegiin X RusUoe 8ge) + RiygyUoes 846)

€EErain
+ Rjoim(COMBINE(g(I,L- 0 fyges 8gse©fps))

+ 4 RS (foes foo):

9
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where @* = {0°ectirun is the set of parameters of classifiers ggs.
specific to different training environments and 4 € [0, o) is its regular-
ization hyperparameters. In practice, we use HSCIC (Park & Muandet,
2020) as R¢;, and the objective of CIGA as Ryyy. Furthermore, we
found that in practice it is unnecessary to set another hyperparameter to
control the relative weights of the PNS risk Ryg, the invariant risk Ryyy,
and the joint risk Rj;,. Sections 4.1.1-4.1.3 show the implementation
details of the components of Eq. (9).

4.1.1. Implementation of necessary and sufficient invariant subgraphs ex-
tractor fy. and domain variant subgraphs extractor fys

We employ the following implementation of f,c and fys to gen-
erate an invariant subgraph ¢ and variant subgraph s, which can be
formalized as follows. We first assume that variables C and .S follow
multivariate Bernoulli distributions with the parameters B€e(0, 1)™*"
and BS€(0,1y™", i.e., C ~ Bernoulli(B€) and S ~ Bernoulli(B%), where
n is the number of nodes in graph G. Technologically, we estimate the
parameters B¢ and BS of the Bernoulli distribution in three steps. First,
we use two layer graph neural network (GNN) to generate the node
embeddings Z¢ and Z°. Second, we calculate the parameter matrices
B€ and BS, which denote the probability of the existence of each edge
of C and S. Third, we sample C and .S from the estimated distributions.
In summary, the aforementioned three steps can be formalized as
follows:

Z¢ = f,e(G) := GNN(G; 6°) € R™, B, = 6(Z° Z*T), C ~ Bernoulli(B°),
Z° = fs(G) := GNN(G; 6°) € R™® | BS = 6(2°Z°T), S ~ Bernoulli(B%),
(10)

where GNN(-; 6) denotes a particular graph neural network (e.g., GCN
(Kipf & Welling, 2017)) parameterized by 6; ¢ is the Sigmoid function.
Here we employ Gumbel-Softmax (Jang, Gu, & Poole, 2017) to sample
C and S.

4.1.2. Implementation of invariant classifier g, and variant classifier ggs.

To estimate the predicted class probabilities, we use the READOUT
(e.g., mean) (Xu, Hu, Leskovec, & Jegelka, 2019) function aggregates
node embeddings to obtain the entire graph’s representation, and em-
ploy different three layer Multilayer Perceptron (MLP) with SOFTMAX
function activation to estimate the probabilities for each different
environment, as follows:

P(Y = JIC = ¢) = ge(c), := SOFTMAX(MLP(READOUT(Z))),.
P(Y = J|S = 5, E = ¢) = gue(s), := SOFTMAX(MLP,(READOUT(Z))),.
an

where g(-), denotes the yth entry of the prediction and MLP, represents
an MLP specific to environment e.

4.1.3. Implementation of Py.(C = c|G) and P(Y = y|E =e)

To estimate the component Py (C = ¢|G) of PNS risk Rils (Eq. (3)),
our main idea is to draw samples from P,.(C|G) and estimate the proba-
bility Py.(C = ¢|G) by counting how many samples are isomorphic to c.
Since graph isomorphism is an NP-hard problem, we simplify this prob-
lem by calculating the similarity between their graph representations.
First, based on our implementation of P, (C|G) (Section 4.1.1), we
draw k subgraphs ¢y, ..., ¢, from P(C|G). Second, referring to Eq. (10)-
(11), we feed these subgraphs c, ..., ¢, and ¢ into the GNN(-; #) and
use the READOUT function to obtain their graph representations. Third,
compute the similarity (we adopt the inner product) between ¢ and
¢y, ..., ¢ in terms of their representation and average these similarities.
The three steps can be summarized as follows:

iid.

k
PeC=clG)m 1 Y o9 2, e, Pe(ClG)

i=1

12)
Z() = READOUT(GNN(G*; °)), Z©) = READOUT(GNN(G®; 6°)),



X. Chen et al.

Neural Networks 184 (2025) 107044

Table 1

Statistics of the datasets.

Category Dataset Shift source # Graphs # Nodes (Avg.) # Edges (Avg.) Metric
SP-Motif-Mixed motif&feature 30,000 13.8 39.9 ACC

Synthetic motif 24,000 20.9 56.9 ROC-AUC

datasets GOOD-Motif size 24,000 32.7 86.8 ROC-AUC

scaffold 32,903 25.3 54.4 ROC-AUC

GOOD-HIV size 32,903 24.9 53.6 ROC-AUC

Real-world OGBG-Molsider scaffold 1,427 33.6 70.7 ROC-AUC

datasets OGBG-Molclintox scaffold 1,477 26.2 55.8 ROC-AUC
OGBG-Molbace scaffold 1,513 34.1 73.7 ROC-AUC

where G denotes the graph data associated with subgraph c,, Z) e
RY and Z© € RY denote the graph representation of ¢, and c,
respectively. Finally, We estimate the component P(Y = y|E = e) of
PNS risk Ry using the following empirical distribution.

PO =WE=0)~ oo 3108 = 0, a3

y;€De

where I(-) is an indicator function, i.e., I(x) = 1 if the statement x is
true and O otherwise.

4.2. Test-domain adaptation without labels

Given the trained invariant GNN g,cofy. and the domain varying
feature extractor fys, our goal in the test domain is to adapt a classifier
g4se Specific to test domain e learned on top of trained fg, so that we
can make optimal use of the domain variant features extracted from fs.
By Theorem 2, this goal can be achieved through the following three
steps. First, given the unlabeled test domain data {G;}!_,, compute soft
pseudo-labels { ?};’zl with

j)’. =arg m}é}lx gd)c (fﬁc (G,>) (14)

Second, letting # : YxY — R be a loss function (e.g., cross entropy), fit
the biased classifier g,s.(S) specific to test domain e on pseudo-labeled
data {(s; = fyse(G,), 9;)} with
.1
- (& pse(5;), Pi)- 15
min - Z;, (B (51 9) as)
Third, through optimizing Eq. (15), we are given the trained biased
classifier g4s.(S) specific to the test domain e. By Theorem 2, we
calibrate g:.(S) as follows:
Ggoe(s) +8 — 1
G +é -1
ZG, 8ge (fpe(G))? R ZG, 1 —gge (fge(G))?
1 = N €O =
ZG,. 8ge (f9e(G})) EG,. 1 = ggpe (foe(G}))

Finally, by the first line of Eq. (5), we combine the prediction between
the trained invariant GNN g0 fyc and the trained calibrated unstable
GNN g0 fps specific to the test domain e.

Epoe(s;) = (16)

€

17

5. Experiments

In this section, we evaluate the effectiveness of our proposed SNIGL
model on both synthetic and real-world datasets by answering the
following questions.

* Q1: Whether the proposed SNIGL can outperform existing state-of-
the-art methods in terms of model generalization.

* Q2: Whether suboptimal invariant subgraphs are often sufficient or
necessary invariant subgraphs.

* Q3: Can the proposed PNS risk learning necessary and sufficient
invariant latent subgraphs well?

* Q4: Do ensemble strategies that exploit domain-varying subgraphs
benefit model performance?

» Q5: What are the learning patterns and insights from SNIGL training?
In particular, how do invariant or variant subgraphs help improve
generalization?

5.1. Experimental setup

5.1.1. Dataset

To evaluate the effectiveness of our proposed SNIGL, we utilize
six public benchmarks under different distribution shifts for graph
classification tasks, including two synthetic datasets Spurious-Motif-
Mixed (Wu, Wang, Zhang, He, & Chua, 2022) and GOOD-Motif (Gui,
Li, Wang, & Ji, 2022), as well as four real-world datasets GOOD-
HIV (Gui et al., 2022), OGBG-Molsider, OGBG-Molclintox and OGBG-
Molbace (Hu et al., 2020). Table 1 summarizes the statistics of these
datasets.

* Spurious-Motif-Mixed (SP-Motif-Mixed) (Chen et al., 2022b) and
GOOD-Motif (Gui et al.,, 2022) are synthetic datasets constructed
based on BAMotif (Ying, Bourgeois, You, Zitnik, & Leskovec, 2019).
On one hand, the SP-Motif-Mixed dataset is created based on three
motifs (House, Cycle, Crane) and three base graphs (Tree, Ladder,
Wheel). The source of its distribution shifts is a mixture of motif and
node features with the bias parameter . We selected two common
values (Chen et al., 2022b; Wu et al., 2022), »b=0.5 and b=0.9, for
validation. Appendix D provides details for constructing this dataset.
GOOD-HIV is a dataset consisting of a molecular graph where nodes
are atoms and edges are chemical bonds. The label is whether the
molecule can inhibit HIV replication. We split the dataset by molec-
ular scaffold and size that should not determine the label, thereby
injecting distribution shifts into the data.

OGBG-Molsider, OGBG-Molclintox, and OGBG-Molbace (Hu et al.,
2020) are three molecular property classification datasets provided
by the OPEN GRAPH BENCHMARK (OGB). The datasets consist of
molecules, and their attributes are cast as binary labels. The scaf-
fold splitting procedure is used to split molecules according to their
two-dimensional skeletons, which introduce spurious correlations
between functional groups due to the selection bias of the dataset.

5.1.2. Baselines

We compare the proposed SNIGL method with 23 methods, namely
the state-of-the-art OOD methods from the Euclidean regime, and from
the graph regime, and the conventional GNN-based methods. The OOD
methods from the graph regime include GroupDRO (Sagawa, Koh,
Hashimoto, & Liang, 2019), DIR (Wu et al., 2022), CIGA (Chen et al.,
2022b), GIL (Li, Zhang, Wang & Zhu, 2022), OOD-GNN (Li, Wang et al.,
2023), GSAT (Miao, Liu, & Li, 2022), StableGNN (Fan et al., 2023) and
GALA (Chen, Bian et al., 2024). The OOD methods from the Euclidean
regime include: DANN (Lempitsky, 2016), Coral (Sun & Saenko, 2016),
Mixup (Zhang, Cissé, Dauphin, & Lopez-Paz, 2018), IRM (Arjovsky
et al., 2019), VREx (Krueger et al., 2021) and ERM (Vedantam, Lopez-
Paz, & Schwab, 2021). Conventional GNN-based methods include:
GCN (Kipf & Welling, 2017), GAT (Velickovic et al., 2017), Graph-
Sage (Hamilton, Ying, & Leskovec, 2017), GIN (Xu et al.,, 2019),
JKNet (Xu et al., 2018), DIFFPOOL (Ying et al., 2018), SGC (Wu et al.,
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Performance on the graph classification task, measured in accuracy on SP-Motif-Mixed and ROC-AUC on other datasets. Standard deviation
errors are given. The best performance is marked in bold, and the second best is underlined.

Method SP-Motif-Mixed GOOD-Motif GOOD-HIV
bias=0.5 bias=0.9 motif size scaffold size

GroupDRO 0.5782(0.0172) 0.5410(0.0997) 0.6196(0.0827) 0.5169(0.0222) 0.6815(0.0284) 0.5775(0.0286)
DIR 0.6382(0.0193) 0.5508(0.6360) 0.3999(0.0550) 0.4483(0.0400) 0.6844(0.0251) 0.5767(0.0375)
CIGAv1 0.5400(0.0173) 0.5178(0.0729) 0.6643(0.1131) 0.4914(0.0834) 0.6940(0.0239) 0.6181(0.0168)
CIGAv2 0.5930(0.0188) 0.6341(0.0738) 0.6715(0.0819) 0.5442(0.0311) 0.6940(0.0197) 0.5955(0.0256)
GIL 0.6947(0.0157) 0.6741(0.0587) 0.6274(0.0122) 0.5147(0.0254) 0.6925(0.0115) 0.5424(0.0274)
OOD-GNN 0.5784(0.00214) 0.6184(0.0354) 0.5714(0.0247) 0.5874(0.0412) 0.6854(0.0124) 0.5281(0.0341)
GSAT 0.4223(0.0168) 0.5217(0.0311) 0.5513(0.0541) 0.6076(0.0594) 0.7007(0.0176) 0.6073(0.0239)
StableGNN 0.6214(0.0214) 0.6341(0.0165) 0.5742(0.0214) 0.5454(0.0142) 0.6492(0.0261) 0.5269(0.0375)
GALA 0.7196(0.0182) 0.7040(0.0763) 0.6041(0.015) 0.5257(0.0082) 0.6864(0.0225) 0.5948(0.0138)
DANN 0.5793(0.0194) 0.5110(0.9254) 0.5154(0.0728) 0.5186(0.0244) 0.6943(0.0242) 0.6238(0.0265)
Coral 0.5767(0.0191) 0.5607(0.1807) 0.6623(0.0901) 0.5371(0.0275) 0.7069(0.0225) 0.5939(0.0290)
Mixup 0.5153(0.0167) 0.4533(0.0571) 0.6967(0.0586) 0.5131(0.0256) 0.7065(0.0186) 0.5911(0.0311)
IRM 0.5745(0.0186) 0.4568(0.0488) 0.5993(0.1146) 0.5368(0.0411) 0.7017(0.0278) 0.5994(0.0159)
VREx 0.4737(0.0175) 0.4886(0.0969) 0.6653(0.0404) 0.5447(0.0342) 0.6934(0.0354) 0.5849(0.0228)
ERM 0.5725(0.0234) 0.4964(0.0463) 0.6380(0.1036) 0.5346(0.0408) 0.6955(0.0239) 0.5919(0.0229)
SNIGL 0.8000(0.0302) 0.7822(0.0918) 0.7748(0.0221)  0.6326(0.0602) 0.7278(0.0072)  0.6341(0.0031)

2019), AttentiveFP (Xiong et al., 2019) and CMPNN (Song et al., 2021).
Please see Appendix E for details of these methods.

5.1.3. Implementation details

The configurations of our SNIGL as well as baselines are as follows.
For a fair comparison, all methods utilized GIN as the underlying GNN
backbone and used the max readout function to derive the embed-
ding for the graph. We used ADAM optimizer in all experiments. All
experiments were implemented by Pytorch on a single NVIDIA RTX
A5000 24 GB GPU. For our SNIGL, we set the dimensions of node
embedding d¢ and d* in Eq. (10) are both set to 300. We further set
the regularization coefficient 4 in Eq. (9) to 0.001. The learning rates
in the training phase and the test phase were set as 0.001 and 0.0001,
respectively. The number of training epochs was set as 200. For the
baselines, we tuned their settings empirically.

For performance evaluation, we closely follow the literature of
GOOD (Gui et al., 2022) and OGBG (Hu et al., 2020). Specifically, we
report the ROC-AUC for all datasets, except for SP-Motif-Mixed where
we use Accuracy following CIGA (Chen et al., 2022b). Further, we
repeat the evaluation four times, select models based on the validation
performances, and report the mean and standard deviation of the
corresponding metric on the test set.

5.2. Comparison to baselines

In this section, we address Question Q1: how effective is our ap-
proach compared to existing methods in terms of model generaliza-
tion? To answer this question, we design performance comparison
experiments from two perspectives: graph classification and invariant
subgraph extraction.

Firstly, Tables 2-3 demonstrate that our SNIGL method significantly
outperforms other baselines in graph classification across various biases
on the standard SPMotif-Mixed dataset, as well as across different split
methods (i.e., structure, scaffold, size) on the GOOD-Motif, GOOD-HIV,
Molsider, Molclintox, and Molbace datasets.

In particular, we can obtain the following conclusions from Table 2.
(1) GALA achieves the second best performance on SP-Motif-Mixed
under bias » = 0.5 and b = 0.9, while Mixup and GSAT achieve
the second best performance on GOOD-Motif under motif-splitting and
size-splitting, respectively, as well as Coral and DANN achieve the
second best performance on GOOD-HIV under scaffold-splitting and
size-splitting, respectively. Our proposed SNIGL is capable of achieving
further improvements against GALA by 11.2% and 11.1% on SP-Motif-
Mixed under bias b = 0.5 and b = 0.9, against Mixup and GSAT by
11.2% and 4.1% on GOOD-Motif, as well as against Coral and DANN

by 3.0% and 1.7% on GOOD-HIV, indirectly reflecting that our method
can extract the invariant subgraphs with the property of necessity and
sufficiency. (2) We also find that the performance drops with increasing
biases, showing that over heavy bias can still influence generalization.
(3) By comparing the variance of different methods, we can find that
the variance of some baselines is large, this is because these methods
generate the invariant subgraph by trading off two objects, which
might lead to unstable results. In the meanwhile, the variance of our
method is much smaller, reflecting the stability of our method. We
further compare the effectiveness of our SNIGL on more real-world
datasets. The experiment results on the OGB datasets are shown in
Table 3. According to the experiment results, we can draw the following
conclusions. (1) The proposed SNIGL outperforms all other baselines on
all the datasets, which is attributed to both the sufficiency and necessity
restriction for invariant subgraphs and the ensemble training strategy
with the help of the domain variant subgraphs. (2) Some conventional
GNN-based methods such as GCN and GIN do not achieve the ideal
performance, reflecting that these methods have limited generalization.
(3) The causality-based baselines also achieve comparable performance
and the methods based on environmental data augmentation achieve
the closest results, reflecting the usefulness of the environment aug-
mentation. However, since it is difficult for these methods to extract
necessary and sufficient invariant subgraphs, the experimental results
of these methods, such as StableGNN on Mollintox, DIR on Molsider
and Mollintox, are difficult to achieve ideal results.

Next, to determine whether previous methods can accurately cap-
ture the domain invariant subgraph, we compare our SNIGL with five
baselines that also can estimate invariant subgraphs using the invariant
subgraph ground truths on GOOD-Motif. The evaluation metric used
is Precision@5 and the results are presented in Fig. 3. The results
also demonstrate that the superiority of our SNIGL in dealing with
distribution shift.

5.3. Necessary and sufficient verification of invariant subgraph

In this section, we present our main result addressing Question
Q2: are suboptimal invariant subgraphs often sufficient or necessary
invariant subgraphs? We affirm that they are, as demonstrated by
the example in the Introduction section, which also reveals that these
sufficient or necessary invariant subgraphs may lead to incorrect pre-
dictions. To provide empirical support, we first construct the dataset
described in the example, where the graph labels are “house” and
“grid”, we then designed two testing set poisoning experiments as
follows. Let pgr and p;r denote the probability of selecting the house
motif Gy in Fig. 1 (sufficient invariant features (SIF) of “house”) and
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Table 3
The ROC-AUC results on the graph classification task on the OGB datasets. Standard
deviation errors are given.

Method Molsider Molbace Molclintox

GroupDRO 0.5124(0.0145) 0.7454(0.0245) 0.7921(0.0245)
DIR 0.5794(0.0111) 0.7834(0.0145) 0.8129(0.0307)
CIGA 0.6745(0.0241) 0.7546(0.0114) 0.8841(0.0378)
GIL 0.6350(0.0057) 0.6915(0.0321) 0.8574(0.0164)
OOD-GNN 0.6400(0.0130) 0.8130(0.0120) 0.9140(0.0130)
GSAT 0.6654(0.0247) 0.7845(0.0146) 0.8974(0.0235)
StableGNN 0.5915(0.0117) 0.7695(0.0327) 0.8798(0.0237)
GALA 0.5894(0.0051) 0.7893(0.0037) 0.8737(0.0189)
GCN 0.5843(0.0034) 0.7689(0.0323) 0.9027(0.0134)
GAT 0.5956(0.0102) 0.8124(0.0140) 0.8798(0.0011)
SAGE 0.6059(0.0016) 0.7425(0.0248) 0.8877(0.0066)
GIN 0.5817(0.0124) 0.7638(0.0387) 0.9155(0.0212)
JKNet 0.5818(0.0159) 0.7425(0.0291) 0.8558(0.0217)
DIFFPOOL 0.5758(0.0151) 0.7525(0.0116) 0.8241(0.0167)
SGC 0.5906(0.0032) 0.6875(0.0021) 0.8536(0.0028)
AttentiveFP 0.6919(0.0148) 0.7767(0.0026) 0.8335(0.0216)
CMPNN 0.5799(0.0080) 0.7215(0.0490) 0.7947(0.0461)
SNIGL 0.7278(0.0120) 0.8314(0.0181) 0.9323(0.0042)
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Fig. 3. Performance comparison of different methods for estimating the invariant
subgraph ground truths on the GOOD-Motif.

a grid motif (necessary invariant features (NIC) of “house”) as the
invariant subgraphs of a test sample, respectively. Fig. 4 shows the
accuracy for predicting label “house” under different pg. and pg..
The analysis of Fig. 4 is as follows. As shown in Fig. 4(a), when pg
increases, except for our SNIGL, the accuracy of most models decreases
because these models may capture the SIF Gy, but not every “house”
sample contains Gy. In contrast, SNIGL captures the necessary and
sufficient features of many test samples. As shown in Fig. 4(b), when
Puir increases, the accuracy of most models decreases because these
methods may learn features shared by both categories (i.e. NIF) in
some test samples. But SNIGL can learn more necessary and sufficient
invariant features, so its performance is the best.

5.4. Ablation study

As Section 4 states, the PNS risk and the ensemble strategy of
combining domain-variant and domain-invariant features are key com-
ponents in our proposed SNIGL. To answer questions Q3 and Q4 to
show if these key components benefit the generalization performance
of our SNIGL, we can thus derive the following variants of SNIGL: (1)
SNIGL without PNS risk denoted as SNIGLw/0oPNS; (2) SNIGL without
ensemble strategy for the combination of variant and invariant features
denoted as SNIGLw/oEN. To show the impact of PNS risk and the
ensemble strategy, we compare SNIGL with the above variants.

In Fig. 5, we observe that SNIGL achieves better performance than
the variants in terms of accuracy, demonstrating the effectiveness of the
PNS risk and our ensemble strategy. Firstly, in order to demonstrate the
impact of the PNS risk on SNIGL’s performance, we compare SNIGL
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with the variant SNIGLw/0oPNS. As Fig. 5’ blue/green columns show,
we observe that the accuracy of SNIGLw/oPNS is lower than that
of SNIGL on all four datasets, demonstrating the importance of PNS
risk in GNNs, that is, the invariant features learned from these data
sets contain many insufficient or unnecessary invariant features, which
may be harmful to prediction. Secondly, in order to investigate the
impact of the ensemble strategy, we removed the combination of the
trained invariant GNN gycof, and the unstable GNN ggs.0fys and
just used gyeofy to predict, and the comparison between SNIGL and
SNIGLw/oEN is as Fig. 5 illustrates. As can be seen, SNIGL signifi-
cantly outperforms SNIGLw/oEN on Molsider and Molbace datasets.
This result reflects that Molsider and Molbace may contain few suffi-
cient and necessary invariant subgraphs, so the prediction performance
drops significantly without integrating domain variant features to as-
sist prediction. On the contrary, the performance gap between SNIGL
and SNIGLw/oEN is more subtle on OGBG-Molclintox and GOOD-HIV
datasets, which is intuitive since these two datasets may contain more
necessary and sufficient invariant features, so the performance will
remain stable with or without the assistance of domain variant features.

5.5. Visualization

To answer question Q5, i.e., what patterns are actually learned
by our SNIGL and how such patterns improve the generalization of
SNIGL, we visualize the domain invariant and domain variant sub-
graphs learned by SNIGL on the OGBG-HIV dataset as shown in Fig. 6.
The visualization results allow us to draw the following conclusions. (1)
The domain invariant substructures are sparse basic structures, showing
that our method is capable of identifying necessary and sufficient latent
substructures. (2) Our SNIGL model is capable of generating reasonable
molecular substructures comprising basic functional groups. For exam-
ple, SNIGL can extract substructures such as “-NO2” in the second line’s
domain invariant subgraph, which is composed of two purple nodes and
one green node. This may offer an efficient avenue for uncovering the
latent value of molecules. (3) We find that some atoms appear neither
in the domain-invariant subgraph nor in the domain-variant subgraph.
For example, in the example on the third line, atom —C! disappears
in both the domain invariant/variant subgraphs, which indicates that
our model can indeed remove redundant structures. Please refer to
Appendix F for more visualization examples demonstrating the ability
of our proposed SNIGL to learn invariant subgraphs.

6. Related work
6.1. Graph out-of-distribution

In this subsection, we provide an introduction to domain general-
ization of graph classification (Chen et al., 2022b; Fan et al., 2023;
Fang et al., 2022; Guo, Yu, Zhang, Jiang, & Chawla, 2020; Liu et al.,
2022a; Yang, Zeng, Wu, Jia, & Yan, 2022). Existing works on out-of-
distribution (OOD) (Shen et al., 2021) mainly focus on the fields of
computer vision (Zhang et al., 2021; Zhang, Zhang et al., 2022) and
natural language processing (Chen, Shen, Chen & Yang, 2021), but
the OOD challenge on graph-structured data receives less attention.
Considering that the existing GNNs lack out-of-distribution generaliza-
tion (Li, Wang et al., 2023, 2023; Li, Wu et al., 2022; Li, Xu et al.,
2023; Liu et al., 2023; Sui et al., 2022; Sun, Dai, & Yu, 2022; Zhao
et al.,, 2020) proposed OOD-GNN to tackle the graph OOD (OOD)
challenge by addressing the statistical dependence between relevant
and irrelevant graph representations. Recognizing that spurious corre-
lations often undermine the generalization of graph neural networks
(GNN), Fan et al. propose the StableGNN (Fan et al., 2023), which
extracts causal representation for GNNs with the help of stable learning.
Aiming to mitigate the selection bias behind graph-structured data,
Wu et al. further proposes the DIR model (Wu et al., 2022) to mine
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Fig. 4. The accuracy of predicting sample with “house” label over different selection probabilities of sufficient invariant feature (SIF) and necessary invariant features (NIF).
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Fig. 5. Ablation studies on four datasets. We explore the impact of the key components
of our SNIGL, i.e, PNS risk and the ensemble strategy.

the invariant causal rationales via causal intervention. These meth-
ods essentially employ causal effect estimation to make invariant and
spurious subgraphs independent. And the augmentation-based model
is another type of the important method. Liu, Zhao, Xu, Luo, and
Jiang (2022b) employ augmentation to improve the robustness and
decompose the observed graph into the environment part and the
rationale part. Recently, Chen, Bian et al. (2024), Chen et al. (2022b)
investigate the usefulness of augmented environment information from
a theoretical perspective. And Li, Xu et al. (2023) further consider a
concrete scenario of graph OOD, i.e., molecular property prediction
from the perspective of latent variables identification (Li, Cai et al.,
2023). Although the aforementioned methods mitigate the distribution
shift of graph data to some extent, they cannot extract the invariant
subgraphs with Necessity and Sufficiency (Yang et al., 2023). Moreover,
as (Eastwood et al., 2023) discussed, the domain variant subgraphs also
play a critical role when the data with noisy labels (Bai et al., 2023;
Liu & Tao, 2015; Wu et al., 2024). In this paper, we propose the SNIGL
method, which unifies the extraction of the invariant latent subgraph
with necessity and sufficiency and the exploitation of variant subgraphs
via an ensemble manner.

6.2. Probability of necessity and sufficiency

As the probability of causation, the Probability of Necessity and
Sufficiency (PNS) can be used to measure the “if and only if” of
the relationship between two events. Additionally, the Probability of
Necessity (PN) and Probability of Sufficiency (PS) are used to evaluate
the “sufficiency cause” and “necessity cause”, respectively. Pearl et al.
(2000) and Tian and Pearl (2000) formulated precise meanings for the
probabilities of causation using structural causal models. The issue of

the identifiability of PNS initially attracted widespread attention (Cai,
Wang, Jordan, & Song, 2023; Dawid, Musio, & Murtas, 2017; Galles &
Pearl, 1998; Gleiss & Schemper, 2019; Halpern, 2000; Li & Pearl, 2019,
2022a, 2022b, 2024; Mueller, Li, & Pearl, 2022; Pearl, 2009; Tian &
Pearl, 2000; Zhang, Tian, & Bareinboim, 2022). Kuroki and Cai (2011)
and Tian and Pearl (2000) demonstrated how to bound these quantities
from data obtained in experimental and observational studies to solve
this problem. These bounds lie within the range in which the probabil-
ity of causation must lie, however, it has been pointed out that these
bounds are too wide to assess the probability of causation. To overcome
this difficulty, Pearl demonstrated that identifying the probabilities of
causation requires specific functional relationships between the causes
and their outcomes (Pearl et al., 2000). Recently, incorporating PNS
into various application scenarios has also attracted much attention
and currently has many applications (Beckers, 2021; Cai et al., 2022;
Galhotra, Pradhan, & Salimi, 2021; Mueller et al., 2022; Shingaki et al.,
2021; Tan et al., 2022; Watson, Gultchin, Taly, & Floridi, 2021). For
example, in ML explainability, CF? (Tan et al., 2022), LEWIS (Galhotra
et al., 2021), LENS (Watson et al., 2021), NSEG (Cai et al., 2022) and
FANS (Chen, Cai et al., 2024) use sufficiency or necessity to measure
the contribution of input feature subsets to the model’s predictions.
In the causal effect estimation problem (Beckers, 2021; Mueller et al.,
2022; Shingaki et al., 2021), it can be used to learn individual responses
from population data (Mueller et al., 2022). In the out-of-distribution
generalization problem, CaSN employs PNS to extract domain-invariant
information (Yang et al., 2023). Although CaSN is effective in extract-
ing sufficient and necessary invariant representations, CaSN ignores
the fact that the data may not have sufficient and necessary invariant
features. Furthermore, CaSN requires the assumption that the classifier
is linear in order to learn sufficient and necessary invariant features,
which is unrealistic for GNN-based predictors.

7. Conclusion

This paper presents a unified framework called Sufficiency and
Necessity Inspired Graph Learning (SNIGL) for graph out-of-distribution
learning, leveraging the probability of necessity and sufficiency (PNS)
for invariant subgraph learning, and combining domain-variant sub-
graphs with learned invariant subgraphs for ensemble reasoning. Firstly,
we outline a conventional graph generation process. We then propose
that sufficient and necessary invariant subgraphs can be identified by
maximizing the PNS. To address the computational challenges associ-
ated with PNS, we introduce a flexible lower bound for PNS under mild
conditions. Additionally, we propose a strategy to ensemble variant and
invariant features on the test set, utilizing variant features to mitigate
the sparsity issue of necessary and sufficient invariant features. Our
SNIGL demonstrates superior performance compared to state-of-the-art
methods. However, a limitation of SNIGL is that the use of domain
variant features requires the assumption that variant and invariant
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Fig. 6. Visualization of molecule examples in the OGBG-HIV dataset. Nodes with different colors denote different atoms, and edges denote different chemical bonds.

features are conditionally independent. Future work should focus on
developing a more flexible method to overcome this limitation.
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Appendix A. Proof of Theorem 1

Proof. To find the lower bound of PNS, by Bonferroni’s inequality, for
any three events A, B, we have the bounds

P(A, B) > max(0, P(A) + P(B) — 1) (A1)

10

We substitute A for Y,,c-.) = y and B for Y, # »- Then, we
have

P(Yyoc=c) = V> Yao(cste) V)

2 max(0, P(Ygoc=c) = ¥) + PXgoccy # V) — D
Based on the assumption of our causal model, the condition that
there is no confounding between variables C and Y is met. Thus, the
intervention probability P(Y,,c-, = ¥) and P(Y;,cx # ¥) can be
identified by conditional probabilities P(Y;,c=.) = ¥) and P(Y ,ce) #
), respectively. Then, Eq. (A.2) can be rewritten as

(A.2)

PYyoc=c) = ¥ Yaoce) V)

> max(0,P(Y = y|C=c)+ P(Y #y|C#c)—1)
=max(0, P(Y = y|C =c¢)— P(Y =y|C #¢))
We now prove that P(Y;,c=c) = ¥ Ygo(cc) # ¥) is equivalent to PNS.
Specifically, according to the consistency assumption of counterfactual

reasoning, i.e., (C =¢) = (Ydo(C=C) =p=F=y,C#c)> (Ydo(C#c) *
y) = (Y # y), we know that

(A.3)

Yaoc=c) = W A Xaocste) F ¥)

(Yaoic=e) = M A Vaoicser 2 ) A((C =) V(C #0))
((Ydo(C=c) = WA Qyocpe) FNNAC = C))V

(Vaoc=e) = V) A Tiocpe) # 9V (C # 0)
(
(

(A.4)

X =) A gocey ENNAC = C))V
Ygoc=e) =NAXY £ V(C# C))

By Eq. (A.4), we have

P(Yyoic=c) = ¥ Yaoicte) )
=PYyoc=c) =1, C # .Y #y)+ PV o0y #¥.C=¢,Y =)
=P(Yypc=c) = VIC # ¢, Y # »)P(C#c,Y # )
+ P(Yypcte) ZYIC=0¢,Y =p)P(C=cY =),
which is the definition of PNS(C = ¢,Y = y) (Definition 1).
By Egs. (A.3) and (A.5), we have

(A.5)

PNS(C=c,Y =y) 2 max(0, P(Y =y|C=c)= P(Y =y|C#¢))  (A.6)
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Then, since conditional distribution P(Y = y|C # c) can be written
as

P(Y =y|C #c¢)

_PX=y-PC=cY =y ,

= —PC=0 (Bayes’ Rule)
_PY =y)-P(C=c)P(Y =y|C=¢)

1-P(C=c)
PY =) — P(G,C=c)P(Y =y|C =
_ (Y =y) - ¥ PG, OPEY =yl ) (Law of Total Probability)
-3, P(G.C=c)
_ P(Y =) —EGIP(C = c|DIPY = y|C =)

1 —E,[P(C = c|G)]

we have

P(Y =y|C=c)—P(Y =y|C #c¢)

P(Y = y) = EG[P(C =c|G)]P(Y =y|C =c)
T—E4[P(C = c|G)]

Eg[P(C = ¢|G)] P(Y = y)

“EglP(C=c|G)] 1-E4[P(C =c|G)]

PY =y|C=c)-

=P(Y=y|C=c)+P(Y=y|C=c)~1

_P¥ =)lC=0)-P(Y =y)
T 1-EG[P(C =clG)]

O

Appendix B. Proof of Theorem 2

Before proving Theorem 2, we prove Lemma 1, which allows us to
safely divide by the quantity

Lemma 1. In the setting of Theorem 2, P(Y = 1|Y = 1)+ P(¥ =0|Y =
0)=1if and only if C and Y are independent.

Proof. Let P(Y = 1|Y = 1) = ¢, and P(Y = 0]Y = 0) = ¢,. We first
prove the forward implication. Suppose ¢, + ¢, = 1, we have
E[Y]=¢ Pr[Y = 1]+ (1 —¢) (1 - Pr[Y = 1]) (Law of Total Expectation)
= (€0+€1 —1)Pr[Y= 11+1-¢
=l-¢g (PX=1Y =)+ P =0|Y =0)= 1)
=E[Y |Y =0].
(B.1)

Since Y and Y are both binary, and the distribution of ¥ is specified
entirely by its mean, we have ¥ L Y. Further, the covariance between
Y and Y is O, i.e.,
0=E[Y -E[YD{Y —E[YD]

=B [EB[0r - By D@ - EP) | Xs]|

- A (B.2)

—F [E [¥ —E[Y]| X E [Y —E[7]] XS”

=E [(]E [¥ —E[Y]] xS])z] ,

so we have E[Y|X¢] = E[Y]. Since Y is binary, E[Y |Xs] = P(Y = 1|Xy)
and E[Y] = P(Y = 1) and we have P(Y = 1|Xg) = P(Y = 1) and
P(Y =0|Xg) = P(Y =0), that is, P(Y|Xg) = P(Y). Thus, Y L S.

To prove the reverse implication, suppose Y L .S, we have

e=P@ =1Y=)=PF =D)=1-PF =0=1-PF =0|Y=0=1-¢
(B.3)

a

We now use Lemma 1 to prove Theorem 2:

Proof. Given C, Y and Y have the same conditional distribution, i.e.,
P(Y|C)= P(Y|C) (B.4)
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Next we prove P(Y = 1) = P(Y = 1).

P(Y)= ) P(¥,C)= ) P(C)PF|C)
C C (B.5)
=Ec[P(Y|C)] = Ec[P(Y|C)] = P(Y)

Based on the above equalities, we first derive the calculation formu-
las for P(¥ = 1]Y = 1) and P(Y = 0]Y = 0).

P =iy =ty = PO =1V =D
PY =1
LY = o ta (55
PY =1)
Y P =1Y=10)
- PY =1,C
ZCA ( ) (B.6)
_Ec[P(Y =1,Y =1|C)]
Ec[P(Y = 1|0)]
= EC[P()} =1|C)- P(Y = 1|0)]
Ec[P(Y =1|0)]
_ Ec[P(Y =1|C)] .
= EoP(y = 1joy] (According to Eg. (B.4))
Similarly, we can obtain
— 0|02
P =0y = 0) = P =010 .

Ec[P(Y =0|C)]

Next we will discuss the connection between P(Y = 1|.5, E) and P(Y =
1|8, E) by expanding P(Y = 1|S, E).

P =1,5,E)

P(S,E)
PP =1,S,EY=1) PY=15EY=0)
- P(S,E) P(S,E)

P =1|S,E)=

(Law of Total Probability)

=P(Y =1|S,E)- P(Y =1|S,E,Y = 1)+ P(Y =0|S,E)- P(Y = 1|S,E,Y = 0)
=P(Y =1|S,E)- P(Y =1|Y = 1)+ P(Y =0|S,E)- P(Y = 1|Y = 0)(C L {S,E}|Y, and C - ¥)

=P(Y =1|S,E)PY =1|]Y =)+ PP =0|Y =0)— 1)+ 1 — P(¥ =0]Y =0)

(B.8)
Combining the conclusion of Lemma 1, we can get P(Y = 1|Y =
D+ P(Y =0]Y =0) # 1, so we have
P(Y =1|S,E)-1+P¥ =0|Y =
Py =15, 5= LY =US. B) =1+ PP =0[r =0) (8.9)

PY =1Y=D+PF =0y =0)-1
Now we have P(Y|S,E) and P(Y|C). Our next question is how to
combine them to calculate P(Y|S,C, E). Specifically, we first calculate
the Odds of P(Y|S,C, E).
P(Y =1|S5,C,E) _ P = HP(S,C.ElY =1)
P(Y =0|S,C,E) P =0)P(S,C,E|Y =0)
_ P(Y =1)P(S,E|Y = DPC|Y =1)

= CL{S,E}|Y B.10
P(Y = 0)P(S, E[Y = 0)P(C[Y = 0) (€ L{S B} (B.10)
_ P(Y = )P(Y = 1|O)P(Y = 1|S,E)
~ P(Y =0)P(Y =0|C)P(Y =0|S,E)
Applying the log function to each side of Eq. (B.10), we have
e PA=US.C.B) W PY=1)  P¥=10)  PY =1 E)
B PY =05.C.E) EPU =0 Py =0/C)  EP¥=0]SE
(B.11)
The aforementioned formula can also be expressed as
logit(P(Y = 1|S,C, E)) =
git(P( | ) (B.12)

logit(P(Y = 1)) + logit(P(Y = 1|C)) + logit(P(Y = 1|, E))

Since sigmoid function (denoted as o) is the inverse function of logit,
we have

P(Y = 1|5,C, E) = 6(logit(P(Y = 1|5,C, E)))
= o(logit(P(Y = 1)) + logit(P(Y = 1|C)) + logit(P(Y = 1|S, E)))
(B.13)
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Appendix C. Multiclass case

In the main text of the paper, we employed a simplified notation
to present our test domain adaptation method in the context of binary
labels Y. However, in numerous instances, including our experiments
in Section 5, the label Y can have more than two classes. Consequently,
in this section, we illustrate the means of extending our method to the
multiclass setting.

P(Y =y|S,E)

= D P(¥ =)IS.E.Y = ))P(Y = /IS, E)
yey

= D P =)y = ))P(Y = Y/|S, E)

yey
(C 1L {S,E}|Y, and Y is determined by the C)

(CD

Let M €[0,11¥<Y (¥ = {1,2,...,|Y|}) denote a matrix with

M, = P(Y =ilY = ). (C.2)

Let h € [0,1]Y denote a vector with

h; = P(Y = i|S, E). (€.3)

In matrix notation, Eq. (C.1) can be seen as a

PY|S,Ey=M -hel0,1” (C.4)

When M is non-singular, we can calibrate P(Y = y|.S, E) using the
following equality.

P(Y|S,E)y=M""-PY|S,E) (C.5)
PY =y|Y =)
_ P =yY=y)
T PY=y)
_EclP(¥ =y, Y =Y|0)]
Ec[P(Y = y'|0)] (C.6)

_ Ec[P(Y =y |C)P(Y =)|C.Y)]
B Ec[P(Y =)'[O)]
_ Ec[P(Y =y |O)P(Y = y|C)]
B Ec[P(Y =y|O)]

(Y is determined by the C)

Similarly, we start by calculating the Odds of P(Y = y| X4, Xy, E).
P(Y =y|C, S, E)
P(Y #y|C,S,E)
_ P(Y =)IC,S,E)
T X, POY=YIC.S.E)
_ P(Y =y,C,S,E)
T Y, POY=y.C.S.E)

__ P =yPEC.S.ElY =y (&)
Yz POY =y)P(C.S.EY =)
_ P(Y = y)P(C|Y = y)P(S,E|Y =) e
Y,z POY = Y)P(CIY = Y)P(S, E[Y = y')
_ PY =y)P(Y =y|C)P(Y =y|S, E)
Zy/#y P(Y =y)P(Y =y |C)P(Y = y|S, E)
Let
0, = P(Y = y)P(Y = y|C)P(Y = y|S, E) for each y € Y, (C.8)
and
el =Y o, (C.9)

yey
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Applying the log function to each side of Eq. (C.7), we have
logit(P(Y = y|C, S, E))
~log P(Y =y|C, S, E)

PY #y|C,S,E)

o, 0 (C.10)
= log 5 yQ =log ”Q”lQ — = lOgit(_||Q|y| )
, ! Y 1
R Zy# o,
9y
Note that the reason we convert log % into log ”Q”‘Q — is that
2y Oy PPN ﬁ
1

o,+ Zy,;éy oy #1 and cannot be converted into logit.
Since sigmoid function ¢ is the inverse function of logit, we have

o
P(Y = y|C, S, E) = o(logit(P(Y = y|C, S, E))) = a(logit<ﬁ))
1
0,

=2 C.11
ol R

Appendix D. Details of SP-motif-mixed dataset construction

SP-Motif-Mixed dataset is created based on three motifs (House,
Cycle, Crane) and three base graphs (Tree, Ladder, Wheel). Its distri-
bution shifts are a mixture of the following two sources. The first shift
is injected by the structure. Specifically, for a given bias b, a particular
motif (e.g., house) is attached to a particular base graph (e.g., tree) with
probability b, while for the other subgraphs, the motif is attached with
probability (1-5)/2 (e.g., house-ladder, house-wheel). The second shift
comes from the node attributes. Specifically, for a given bias b, the node
features of the graph with label y are also assigned y with probability
b, and the probability of being assigned to other labels is (1 — b)/2.

Appendix E. Baselines introduction

An introduction to the twenty three baselines used in this study is
provided below.

GroupDRO (Sagawa et al., 2019) involves using regularization with
Distributionally Robust Optimization (DRO) to enhance worst-group
generalization in overparameterized neural networks.

DIR (Wu et al., 2022) enhances the interpretability and generalization
of GNNs by identifying stable causal patterns via training distribution
interventions and using classifiers on causal and non-causal parts for
joint prediction.

CIGA (Chen et al., 2022b) propose an information-theoretic objective
to extract the invariant subgraphs that maximize the preservation of
invariant intra-class information.

GIL (Li, Zhang et al., 2022) proposes an invariant subgraph objective
function for a GNN-based subgraph generator, leveraging variant
subgraphs to infer potential environment labels.

OOD-GNN (Li, Wang et al., 2023) proposes to use random Fourier fea-
tures and a global weight estimator to encourage the model to learn
to eliminate statistical dependencies between relevant and irrelevant
graph representations.

GSAT (Miao et al., 2022) injects stochasticity into attention weights
to filter out task-irrelevant graph components and learns attention
focused on task-relevant subgraphs, improving interpretability and
prediction accuracy.

StableGNN (Fan et al., 2023) uses a differentiable graph pooling
layer to extract subgraph-based representations and uses a causal
variable differentiation regularizer to correct the biased training dis-
tribution to remove spurious correlations.

GALA (Chen, Bian et al., 2024) learns invariant subgraphs through
proxy predictions from an auxiliary model that is sensitive to changes
in the graph environment or distribution.
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Fig. F.7. Visualization examples of the invariant subgraphs learned by different methods from the GOOD-Motif test set, where the purple lines indicate the learned invariant

subgraph, and the ground-truth is shown by the black lines.

DANN (Lempitsky, 2016) proposes a gradient reversal layer in the
neural network architecture to develop features that are discrimina-
tive and domain-invariant for prediction tasks.

Coral (Sun & Saenko, 2016) utilizes a nonlinear transformation to
align the second-order statistics of activations between the source
and target domains in neural networks for unsupervised domain
adaptation.

Mixup (Zhang et al., 2018) trains neural networks (NNs) on convex
combinations of pairs of examples and their labels, which regularizes
the NN to favor simple linear behavior between training examples,
thereby improving generalization.

IRM (Arjovsky et al., 2019) proposes an invariant risk minimization
strategy that forces the model’s decision boundary to be as consistent
as possible across environments.

VRExX (Krueger et al., 2021) minimizes the model’s sensitivity to dis-
tribution shifts by reducing risk variance across training domains and
uses optimization over extrapolated domains to achieve robustness to
both causal and covariate shifts.

ERM (Vedantam et al., 2021) involves using Fisher information,
predictive entropy, and maximum mean discrepancy (MMD) to un-
derstand the OOD generalization of deep neural networks trained
with empirical risk minimization.
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GCN (Kipf & Welling, 2017) performs weighted aggregation of node
features based on spectral graph theory to obtain node embeddings
that can be used for downstream tasks.

GAT (Velickovic et al., 2017) incorporates the self-attention mech-
anism into the message passing paradigm to adaptively select sub-
graphs that are discriminative for labels.

GraphSage (Hamilton et al., 2017) generates node embeddings by
sampling and aggregating features from the local neighborhoods of
nodes, and a mini-batch training manner.

GIN (Xu et al., 2019) performs node feature aggregation in an injec-
tive manner based on the theory of the 1-WL graph isomorphism test.
JKNet (Xu et al., 2018) involves flexibly leveraging different neigh-
borhood ranges for each node to create structure-aware represen-
tations, enhancing performance by adapting to local neighborhood
properties and tasks.

DIFFPOOL (Ying et al., 2018) proposes a differentiable graph pooling
module that generates hierarchical graph representations by learning
soft cluster assignments for nodes.

SGC (Wu et al., 2019) simplifies GCNs by removing non-linear activa-
tion functions and collapsing weight matrices, resulting in a scalable,
interpretable linear model that acts as a low-pass filter followed by a
linear classifier.



X. Chen et al.

« AttentiveFP (Xiong et al., 2019) employs a multi-level, multi-stage
attention mechanism to enhance molecular representation and inter-
pretability to capture complex molecular interactions and relevant
substructures for drug discovery tasks.

+ CMPNN (Song et al.,, 2021) involves enhancing molecular embed-
dings by strengthening message interactions between nodes and
edges through a communicative kernel and enriching the message
generation process with a message booster module.

Appendix F. Visualization of invariant subgraph learning

We present five examples from the testing set of GOOD-Motif in
Fig. F.7. The figure demonstrates that the invariant subgraphs learned
by our SNIGL are more accurate than those of the baselines, indicat-
ing that our proposed strategy for learning sufficient and necessary
invariant subgraphs can more effectively capture the optimal invariant
subgraphs.

Data availability

Code will be available after acceptance.
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